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STRONG TOROIDALIZATION OF DOMINANT MORPHISMS OF
3-FOLDS
STEVEN DALE CUTKOSKY
1. Introduction
Suppose that f : X → Y is a dominant morphism of algebraic varieties, over a field
k of characteristic zero. If X and Y are nonsingular, f : X → Y is toroidal if there are
simple normal crossing divisors DX on X and DY on Y such that f
−1(DY ) = DX ,
and f is locally given by monomials in appropriate etale local parameters on X .
The precise definition of this concept is in [AK], [KKMS] and Definition 3.3 of this
paper. The problem of toroidalization is to determine, given a dominant morphism
f : X → Y , if there exists a commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
(1)
such that Φ and Ψ are products of blow ups of nonsingular subvarieties, X1 and
Y1 are nonsingular, and there exist simple normal crossing divisors DY1 on Y1 and
DX1 = f
−1(DY1) on X1 such that f1 is toroidal (with respect to DX1 and DY1). This
is stated in Problem 6.2.1. of [AKMW].
A stronger form of toroidalization is also asked for in [AKMW], which we will
call strong toroidalization. Suppose that f : X → Y is a dominant morphism of
nonsingular projective varieties, DY is a SNC divisor on Y and DX = f
−1(DY ) is a
SNC divisor on X such that the locus sing(f) where the morphism f is not smooth is
contained in DX . The problem of strong toroidalization is to determine if there exists
a commutative diagram (1) such that Φ and Ψ are products of blow ups of nonsingular
centers which are supported in the preimages of DX and DY respectively, and make
SNCs with the respective preimages of DX and DY , and f1 is toroidal with respect
to DY1 = Ψ
−1(DY ) and DX1 = Φ
−1(DX).
Toroidalization, and related concepts, have been considered earlier in different
contexts, mostly for morphisms of surfaces. Strong torodialization is the strongest
structure theorem which could be true for general morphisms. The concept of torodi-
alization fails completely in positive characteristic. A simple example in characterisitc
p > 0 is obtained from the map of curves s = tp(tp + 1).
In the case when Y is a curve, toroidalization follows from embedded resolution
of singularities ([H]). When X and Y are surfaces, there are several proofs in print
([AkK], Corollary 6.2.3 [AKMW], [CP], [Mat]). They all make use of special properties
of the birational geometry of surfaces. An outline of proofs of the above cases can be
found in the introduction to [C3].
In [C3], strong toroidalization is solved in the case when X is a 3-fold and Y is a
surface, In Theorem 0.1 of [C5] we prove toroidalization of birational morphisms of 3-
folds. In Theorem 1.1 of [C7], we prove strong toroidalization of birational morphisms
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of 3-folds. In this paper, we prove strong toroidalization for dominant morphisms of
3-folds.
Theorem 1.1. Suppose that f : X → Y is a dominant morphism of nonsingu-
lar projective 3-folds over an algebraically closed field k of characteristic 0. Further
suppose that there is a simple normal crossings (SNC) divisor DY on Y such that
DX = f
−1(DY ) is a SNC divisor which contains the non smooth locus of the map f .
Then there exists a commutative diagram of morphisms
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
where Φ,Ψ are products of possible blow ups for the preimages of DX and DY respec-
tively, and f1 is toroidal with respect to DY1 = Ψ
−1(DY ) and DX1 = Φ
−1(DX).
A 3-fold over a field k is an abstract variety over k of dimension 3.
A possible blow up on a nonsingular 3-fold with toroidal structure is the blow up of
a point or a nonsingular curve contained in the toroidal structure which makes SNCs
with the toroidal structure.
We deduce Theorem 1.1 from the following strong toroidalization theorem for mor-
phisms of (possibly singular) varieties.
Theorem 1.2. Suppose that f : X → Y is a dominant morphism of 3-folds over
an algebraically closed field k of characteristic 0. Further suppose that there is an
equidimensional codimension 1 reduced subscheme DY of Y such that DY contains
the singular locus of Y , and DX = f
−1(DY ) contains the non smooth locus of the
map f . Then there exists a commutative diagram of morphisms
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
where Φ,Ψ are products of blow ups of nonsingular curves and points supported above
DX and DY respectively, DY1 = Ψ
−1(DY ) is a simple normal crossings divisor on
Y1, DX1 = f
−1
1 (DY1) is a simple normal crossings divisor on X1 and f1 is toroidal
with respect to DY1 and DX1 .
If we relax some of the restrictions in the definition of toroidalization, there are
other constructions producing a toroidal morphism f1, which are valid for arbitrary
dimensions of X and Y . In [AK] it is shown that a diagram (1) can be constructed
where Φ is weakened to being a modification (an arbitrary birational morphism). In
[C1], [C2] and [C4], it is shown that a diagram (1) can be constructed where Φ and
Ψ are locally products of blow ups of nonsingular centers and f1 is locally toroidal,
but the morphisms Φ, Ψ and f1 may not be separated. This construction is obtained
by patching local solutions, at least one of which contains the center of any given
valuation.
2. Notation
Throughout this paper, k will be an algebraically closed field of characteristic zero.
A curve, surface or 3-fold is an abstract variety over k of respective dimension 1, 2 or
3. If X is a variety, and p ∈ X is a nonsingular point, then regular parameters at p are
regular parameters in OX,p. Formal regular parameters at p are regular parameters
in OˆX,p. If X is a variety and V ⊂ X is a subvariety, then IV ⊂ OX will denote the
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ideal sheaf of V . If V and W are subvarieties of a variety X , we denote the scheme
theoretic intersection Y = spec(OX/IV + IW ) by Y = V ·W .
Let f : X → Y be a morphism of varieties. We will denote the singular locus of f
by sing(f) the closed set of points p ∈ X such that f is not smooth at p. If D is a
Cartier divisor on Y , then f−1(D) will denote the reduced divisor f∗(D)red.
Suppose that a, b, c, d ∈ Q. Then we will write (a, b) ≤ (c, d) if a ≤ b and c ≤ d.
A toroidal structure on a nonsingular variety X is a simple normal crossing divisor
(SNC divisor) DX on X .
We will say that a nonsingular curve C which is a subvariety of a nonsingular 3-fold
X with toroidal structure DX makes simple normal crossings (SNCs) with DX if for
all p ∈ C, there exist regular parameters x, y, z at p such that x = y = 0 are local
equations of C, and xyz = 0 contains the support of DX at p.
Suppose that X is a nonsingular 3-fold with toroidal structure DX . If p ∈ DX is
on the intersection of three components of DX then p is called a 3-point. If p ∈ DX
is on the intersection of two components of DX (and is not a 3-point) then p is called
a 2-point. If p ∈ DX is not a 2-point or a 3-point, then p is called a 1-point. If C
is an irreducible component of the intersection of two components of DX , then C is
called a 2-curve. Σ(X) will denote the closed locus of 2-curves on X .
A possible center on a nonsingular 3-fold X with toroidal structure defined by a
SNC divisor DX , is a point on DX or a nonsingular curve in DX which makes SNCs
with DX . A possible center on a nonsingular surface S with toroidal structure defined
by a SNC divisor DS is a point on DS. We will also call the blow up of a possible
center a possible blow up.
Observe that if Φ : X1 → X is the blow up of a possible center, then DX1 =
Φ−1(DX) is a SNC divisor on X1. Thus DX1 defines a toroidal structure on X1. All
blow ups Φ : X1 → X considered in this paper will be of possible centers, and we will
impose the toroidal structure on X1 defined by DX1 = Φ
−1(DX).
By a general point q of a variety V , we will mean a point q which satisfies conditions
which hold on some nontrivial open subset of V . The exact open condition which we
require will generally be clear from context. By a general section of a coherent sheaf
F on a projective variety X , we mean the section corresponding to a general point of
the k-linear space Γ(X,F).
IfX is a variety, k(X) will denote the function field ofX . A 0-dimensional valuation
ν of k(X) is a valuation of k(X) such that k is contained in the valuation ring Vν of
ν and the residue field of Vν is k. If X is a projective variety which is birationally
equivalent to X , then there exists a unique (closed) point p1 ∈ X1 such that Vν
dominates OX1,p1 . p1 is called the center of ν on X1. If p ∈ X is a (closed) point,
then there exists a 0-dimensional valuation ν of k(X) such that Vν dominates OX,p
(Theorem 37, Section 16, Chapter VI [ZS]). For a1, . . . , an ∈ k(X), ν(a1), . . . , ν(an)
are rationally dependent if there exist α1, . . . , αn ∈ Z which are not all zero, such that
α1ν(a1) + · · · + αnν(an) = 0 (in the value group of ν). Otherwise, ν(a1), . . . , ν(an)
are rationally independent.
If x1, . . . , xn are indeterminates, andMi =
∏n
j=1 x
aij
j are monomials for 1 ≤ i ≤ m,
then we will denote rank(M1, . . . ,Mm) = rank(aij).
3. toroidal morphisms and prepared morphisms
Suppose that X is a nonsingular variety with toroidal structure DX . We will say
that an ideal sheaf I ⊂ OX is toroidal if I is locally generated by monomials in local
equations of components of DX .
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Suppose that q ∈ X . We say that u, v, w are (formal) permissible parameters at q
(for DX) if u, v, w are regular parameters in OˆX,q such that u = 0 is a local equation
of DX at q if q is a 1-point, uv = 0 is a local equation of DX at q if q is a 2-point
and uvw = 0 is a local equation of DX at q if q is a 3-point. u, v, w are algebraic
permissible parameters if we further have that u, v, w ∈ OX,q.
Definition 3.1. Let f : X → Y be a dominant morphism of nonsingular 3-folds with
toroidal structures DY on Y and DX = f
−1(DY ) on X such that sing(f) ⊂ DX .
Suppose that u, v, w are (possibly formal) permissible parameters at q ∈ Y . Then u, v
are toroidal forms at p ∈ f−1(q) if there exist permissible parameters x, y, z in OˆX,p
such that
1. q is a 2-point or a 3-point, p is a 1-point and
u = xa, v = xb(α+ y) (2)
where 0 6= α ∈ k.
2. q is 2-point or a 3-point, p is a 2-point and
u = xayb, v = xcyd (3)
with ad− bc 6= 0.
3. q is a 2-point or a 3-point, p is a 2-point and
u = (xayb)k, v = (xayb)t(α+ z) (4)
where 0 6= α ∈ k, a, b, k, t > 0 and gcd(a, b) = 1.
4. q is a 2-point or a 3-point, p is a 3-point and
u = xaybzc, v = xdyezf (5)
where
rank
(
a b c
d e f
)
= 2.
5. q is a 1-point, p is a 1-point and
u = xa, v = y (6)
6. q is a 1-point, p is a 2-point and
u = (xayb)k, v = z (7)
with a, b, k > 0 and gcd(a, b) = 1
Regular parameters x, y, z as in Definition 3.1 will be called permissible parameters
for u, v, w at p.
Lemma 3.2. Suppose that q ∈ Y , p ∈ f−1(q) and u, v, w are permissible parameters
at q such that u, v are toroidal forms at p. Then there exist permissible parameters
x, y, z for u, v, w at p such that an expression of Definition 3.1 holds for u and v, and
one of the following respective forms for w holds at p.
1. q is a 2-point or a 3-point, p is a 1-point, u, v satisfy (2) and
w = g(x, y) + xcz (8)
where g is a series.
2. q is 2-point or a 3-point, p is a 2-point, u, v satisfy (3) and
w = g(x, y) + xeyfz (9)
where g is a series.
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3. q is a 2-point or a 3-point, p is a 2-point, u, v satisfy (4) and
w = g(xayb, z) + xcyd (10)
where g is a series and rank(u, xcyd) = 2.
4. q is a 2-point or a 3-point, p is a 3-point, u, v satisfy (5) and
w = g(x, y, z) +N (11)
where g is a series in monomials M in x, y, z such that rank(u, v,M) = 2,
and N is a monomial in x, y, z such that rank(u, v,N) = 3.
5. q is a 1-point, u, v satisfy (6) and
w = g(x, y) + xcz (12)
where g is a series.
6. q is a 1-point, p is a 2-point, u, v satisfy (7) and
w = g(xayb, z) + xcyd (13)
where g is a series and rank(u, xcyd) = 2.
Lemma 3.2 and its proof are Lemma 3.2 [C5].
Definition 3.3. ([KKMS], [AK]) A normal variety X with a SNC divisor D
X
on X
is called toroidal if for every point p ∈ X there exists an affine toric variety Xσ, a
point p′ ∈ Xσ and an isomorphism of k-algebras
Oˆ
X,p
∼= OˆXσ ,p′
such that the ideal of D
X
corresponds to the ideal of Xσ − T (where T is the torus in
Xσ). Such a pair (Xσ, p
′) is called a local model at p ∈ X. D
X
is called a toroidal
structure on X.
A dominant morphism Φ : X → Y of toroidal varieties with SNC divisors D
Y
on
Y and D
X
= Φ−1(D
Y
) on X, is called toroidal at p ∈ X, and we will say that p is a
toroidal point of Φ if with q = Φ(p), there exist local models (Xσ, p
′) at p, (Yτ , q
′) at
q and a toric morphism Ψ : Xσ → Yτ such that the following diagram commutes:
Oˆ
X,p
← OˆXσ ,p′
Φˆ∗ ↑ Ψˆ∗ ↑
Oˆ
Y ,q
← OˆYτ ,q′ .
Φ : X → Y is called toroidal (with respect to D
Y
and D
X
) if Φ is toroidal at all
p ∈ X.
The following is the list of toroidal forms for a dominant morphism f : X → Y
of nonsingular 3-folds with toroidal structure DY and DX = f
−1(DX). Suppose
that p ∈ DX , q = f(p) ∈ DY , and f is toroidal at p. Then there exist permissible
parameters u, v, w at q and permissible parameters x, y, z for u, v, w at p such that
one of the following forms hold:
1. p is a 3-point and q is a 3-point,
u = xaybzc
v = xdyezf
w = xgyhzi,
where a, b, d, e, f, g, h, i ∈ N and
Det
 a b cd e f
g h i
 6= 0.
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2. p is a 2-point and q is a 3-point,
u = xayb
v = xdye
w = xgyh(z + α)
with 0 6= α ∈ k and a, b, d, e, g, h ∈ N satisfy ae− bd 6= 0.
3. p is a 1-point and q is a 3-point,
u = xa
v = xd(y + α)
w = xg(z + β)
with 0 6= α, β ∈ k, a, d, g > 0.
4. p is a 2-point and q is a 2-point,
u = xayb
v = xdye
w = z
with ae− bd 6= 0
5. p is a 1-point and q is a 2-point,
u = xa
v = xd(y + α)
w = z
with 0 6= α ∈ k, a, d > 0.
6. p is a 1-point and q is a 1-point,
u = xa
v = y
w = z
with a > 0.
Definition 3.4. Let notation be as in Definition 3.1. u, v, w have a (non toroidal)
monomial form at p ∈ f−1(q) if
1. u, v have a form (2) at p, q is a 2-point and w = xc(z + α) for some c ∈ N
with c > 0, α ∈ k.
2. u, v have a form (3) at p, q is a 2-point and w = xeyf (z + α) for some
e, f ∈ N, e+ f > 0, α ∈ k.
3. u, v have a form (4) at p and w = xcyd with ad− bc 6= 0.
4. u, v have a form (5) at p, q is a 2-point and w = xgyhzi with
det
 a b cd e f
g h i
 6= 0.
5. u, v have a form (6) at p and w = xb(z + α) with b ∈ N, b > 0, α ∈ k.
6. u, v have a form (7) at p and w = xcyd with ad− bc 6= 0.
A prepared morphism ΦX : X → S from a nonsingular 3-fold X to a nonsingular
surface S (with respect to toroidal structures DS and DX = Φ
−1
X (DS)) is defined in
Definition 6.5 [C3].
Remark 3.5. Suppose that f : X → Y is a dominant proper morphism of nonsingular
3-folds with toroidal structures determined by SNC divisors DY on Y and DX =
f−1(DY ) on X, and DX contains the singular locus of the morphism f . With our
assumptions on f , f is generically finite. Recall that the fundamental locus of a
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generically finite morphism f : X → Y of nonsingular proper varieties is {p ∈ Y |
dim f−1(p) > 0}. The fundamental locus is a closed set of codimension ≥ 2 in Y . Let
X be the normalization of Y in the function field of X, with induced finite morphism
λ : X → Y . The branch locus of λ is contained in the SNC divisor DY . Let E
be an irreducible component of DY . By Abhyankar’s lemma (c.f. XIII 5.3 [G]), the
irreducible components of λ−1(E) are disjoint. Thus the irreducible components of
DX which dominate E are disjoint.
Definition 3.6. A dominant morphism f : X → Y of nonsingular 3-folds with
toroidal structures determined by SNC divisors DY on Y , and DX = f
−1(DY ) on X
such that the singular locus of f is contained in DX is prepared for DY and DX if:
1. If q ∈ Y is a 3-point, u, v, w are permissible parameters at q and p ∈ f−1(q),
then u, v and w are each a unit (in OˆX,p) times a monomial in local equations
of the toroidal structure DX at p . Furthermore, there exists a permutation
of u, v, w such that u, v are toroidal forms at p.
2. If q ∈ Y is a 2-point, u, v, w are permissible parameters at q and p ∈ f−1(q),
then either
(a) u, v are toroidal forms at p or
(b) p is a 1-point and there exist regular parameters x, y, z ∈ OˆX,p such that
there is an expression
u = xa
v = xc(γ(x, y) + xdz)
w = y
where γ is a unit series and x = 0 is a local equation of DX , or
(c) p is a 2-point and there exist regular parameters x, y, z in OˆX,p such that
there is an expression
u = (xayb)k
v = (xayb)l(γ(xayb, z) + xcyd)
w = z
where a, b > 0, gcd(a, b) = 1, ad − bc 6= 0, γ is a unit series and xy = 0
is a local equation of DX .
3. If q ∈ Y is a 1-point, and p ∈ f−1(q), then there exist permissible parameters
u, v, w at q such that u, v are toroidal forms at p.
Lemma 3.7. Suppose that X,Y are projective, f : X → Y is a prepared morphism
of 3-folds, and q ∈ DY is a 1-point. Then there exist algebraic permissible parameters
u, v, w at q such that a form (6) or (7) of Definition 3.1 (for this fixed choice of
u, v, w) holds at p for all p ∈ f−1(q).
Proof. Let q ∈ Y be a 1-point, u, v, w be permissible parameters at q, X be the
normalization of Y in k(X). We have a natural commutative diagram
X
f
→ Y
g ց ↑ λ
X
.
Let λ−1(q) = {q1, . . . , qn}. Abhyankar’s Lemma implies that X is nonsingular above
a neighborhood of q, and there exist permissible parameters u1, vi, wi at qi and ri ∈ N
such that
u = urii , v = vi, w = wi.
8 STEVEN DALE CUTKOSKY
Lemma 3.5 [C5] (applied to g : X → X) implies ui, αvi + βwi are toroidal forms at
all points of g−1(qi) for a dense open set of (α, β) ∈ k2. The condition is that ui =
αvi + βwi = 0 intersects the (nonsingular at qi) fundamental locus of g transversally
at qi. Thus there exist α, β ∈ k such that u, αv + βw are toroidal forms at all
p ∈ f−1(q). 
Lemma 3.8. Suppose that f : X → Y is a prepared morphism of 3-folds and E is a
component of DX such that f(E) = C is a curve which is not a 2-curve. Suppose that
q ∈ C is a 1-point. Then all formal branches of C are smooth at q, and there exist
permissible parameters u, v, w at q such that u = w = 0 are (formal) local equations
of C at q.
Proof. Suppose that p ∈ f−1(q) ∩ E. There exist permissible parameters u, v, w at q
such that one of the following forms hold.
p is a 1-point:
u = xa, v = y, w = g(x, y) + xnz (14)
where x = 0 is a local equation of E, or
p is a 2-point:
u = (xayb)i, v = z, w = g(xayb, z) + xcyd (15)
where a, b > 0, ad− bc 6= 0 and x = 0 is a local equation of E.
In case (14), we have an expression w = φ(y)+xΩ in OˆX,p (n > 0 since f(E) = C).
u = w − φ(y) = 0 is a local equation of a branch of C.
In case (15), one of the following must hold in OˆX,p:
w = φ(z) + xyΩ, (16)
w = φ(z) + xyΩ + xc (17)
where c > 0, or
w = φ(z) + xyΩ+ yd (18)
where d > 0.
In cases (16) or (17), we have
0 = u = w − φ(z)
is a local equation of a branch of C at q.
Suppose that case (18) holds. f(E) = C a curve implies that there exists an
irreducible series Ψ(x, y) in a power series ring k[[x, y]] such that x divides Ψ(v, w) in
OˆX,p.
Ψ(v, w) = Ψ(z, φ(z) + xyΩ + yd)
implies Ψ(0, yd) = 0 (set x = z = 0), which implies that x | Ψ(x, y). Since Ψ(x, y) is
irreducible, we have that Ψ = xλ where λ is a unit series. This is a contradiction. 
We recall Theorem 1.3 of [C7].
Theorem 3.9. (Theorem 1.3 [C7]) Suppose that f : X → Y is a dominant mor-
phism of nonsingular projective 3-folds over an algebraically closed field k of char-
acteristic zero, with toroidal structures determined by SNC divisors DY on Y and
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DX = f
−1(DY ) on X such that DX contains the singular locus of f . Then there
exists a commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
such that Ψ and Φ are products of possible blow ups for the preimages of DY , DX
respectively, such that f1 is prepared for DY1 = Ψ
−1(DY ) and DX1 = Φ
−1(DX), and
DX1 .
4. The τ invariant
Throughout this section, we assume that f : X → Y is a dominant morphism of
nonsingular 3-folds.
Definition 4.1. Suppose that f : X → Y is prepared.
Suppose that p ∈ X. Define τf (p) = τ(p) = −∞ if there exist permissible param-
eters u, v, w at q such that u, v, w are toroidal forms at p. (The existence of such
formal parameters u, v, w implies the existence of algebraic permissible parameters).
Suppose that p ∈ X is a 3-point, and τ(p) 6= −∞. Suppose that u, v, w are permis-
sible parameters at q = f(p). Then there is an expression (after possibly permuting
u, v, w if q is a 3-point)
u = xaybzc
v = xdyezf
w =
∑
i≥0 αiMi +N
(19)
where x, y, z are permissible parameters at p for u, v, w, rank(u, v) = 2, the sum in
w is over (possibly infinitely many) monomials Mi = x
aiybizci in x, y, z such that
rank(u, v,Mi) = 2, deg(Mi) ≤ deg(Mj) if i < j, N is a monomial in x, y, z such that
rank(u, v,N) = 3 and N 6 |Mi for any Mi in the series
∑
αiMi.
If q is a 3-point and u, v, w is not a toroidal form (at p), we necessarily have (since
f is prepared) that ∑
αiMi =M0γ (20)
where γ is a unit series in the monomials Mi
M0
(in x, y, z) such that
rank(u, v,M0) = rank(u, v,
Mi
M0
) = 2
for all i, and M0 | N .
Define a group Hp = Hf,p as follows. The Laurent monomials in x, y, z form a
group under multiplication. We define Hp = Hf,p to be the subgroup generated by
u, v and the terms Mi appearing in the expansion (19). We will write the group Hp
additively as:
Hp = Hf,p = (a, b, c)Z+ (d, e, f)Z+
∑
(ai, bi, ci)Z.
Define a subgroup Ap of Hp by:
Ap = Af,p =
{
(a, b, c)Z+ (d, e, f)Z+ (a0, b0, c0)Z if q is 3-point
(a, b, c)Z+ (d, e, f)Z if q is a 2-point.
Define
Lp = Lf,p = Hp/Ap,
τ(p) = τf (p) =| Lp | .
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Suppose that p ∈ X is a 2-point, and τ(p) 6= −∞. Suppose that u, v, w are permis-
sible parameters at q = f(p) (which satisfy the conclusions of Lemma 5.4 if f(p) = q
is a 1-point). Then there is an expression (after possibly permuting u, v, w if q = f(p)
is a 3-point) of one the following forms:
q is 2-point or a 3-point:
u = xayb
v = xcyd
w =
∑
i≥0 αijx
iyj + xeyf (z + β)
(21)
where x, y, z are permissible parameters at p for u, v, w, and xeyf 6 | xaiybi for all i,
or
q is a 2-point or a 3-point:
u = (xayb)k
v = (xayb)t(z + β)
w =
∑
i≥0 αi(z)(x
ayb)i + xcyd
(22)
where gcd(a, b) = 1, x, y, z are permissible parameters at p for u, v, w, and xcyd 6 |
(xayb)i for all i, or
q is a 2-point:
u = (xayb)k
v =
∑
αi(z)(z
ayb)i + xcyd
w = z
(23)
where gcd(a, b) = 1, x, y, z are permissible parameters at p for u, v, w, and xcyd 6 |
(xayb)i for all i, or
q is a 1-point:
u = (xayb)k
v = z
w =
∑
i≥0 αi(z)(x
ayb)i + xcyd
(24)
where gcd(a, b) = 1, x, y, z are permissible parameters at p for u, v, w, and xcyd 6 |
(xayb)i for all i.
If q is a 3-point, we necessarily have (since f is prepared) that
w =M0γ (25)
where γ is a unit series.
In equation (23), we have
v = (xayb)i0γ (26)
where γ is a unit series.
Suppose that (21) holds. Then define
τ(p) = ℓ
((a, b)Z+ (c, d)Z+ ∑
αij 6=0
(i, j)Z)/((a, b)Z+ (c, d)Z)

if q is a 2-point,
τ(p) = ℓ
((a, b)Z+ (c, d)Z+ ∑
αij 6=0
(ai, bi)Z)/((a, b)Z+ (c, d)Z+ (a0, b0)Z)

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if q is a 3-point, and M0 = x
a0yb0 in (25).
Suppose that (22) holds. Then define
τ(p) = ℓ
(kZ+ tZ+ ∑
αi 6=0
iZ)/(kZ+ tZ)

if q is a 2-point,
τ(p) = ℓ
(kZ+ tZ+ ∑
αi 6=0
iZ)/(kZ+ tZ+ i0Z)

if q is a 3-point, and M0 = x
i0γ in (25).
Suppose that (23) (and (26)) hold. Then define
τ(p) = ℓ
(kZ+ ∑
αi 6=0
iZ)/(kZ+ i0Z)
 .
Suppose that (24) holds. Then define
τ(p) = ℓ
(kZ+ ∑
αi 6=0
iZ)/kZ
 .
Suppose that p ∈ X is a 1-point, and τ(p) 6= −∞. Suppose that u, v, w are permis-
sible parameters at q = f(p) which satisfy the conclusions of Lemma 5.4 if f(p) = q
is a 1-point. Then there is an expression (after possibly permuting u, v, w if q = f(p)
is a 3-point) of one the following forms:
q is 2-point or a 3-point
u = xa
v = xb(α + y)
w =
∑
i<c αi(y)x
i + xc(z + β)
(27)
where x, y, z are permissible parameters at p for u, v, w, or
q is 2-point
u = xa
v =
∑
i<c αi(y)x
i + xc(z + β)
w = y
(28)
where x, y, z are permissible parameters at p for u, v, w, or
q is a 1-point
u = xa
v = y
w =
∑
i<c αi(y)x
i + xc(z + β)
(29)
where x, y, z are permissible parameters at p for u, v, w.
In case (27) we have
w = xi0γ (30)
where γ is a unit series if q is a 3-point. In case (28) we have
v = xi0γ (31)
where γ is a unit series.
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Suppose that (27) holds. Then define
τ(p) = ℓ
(aZ+ bZ+ ∑
αi 6=0
iZ)/(aZ+ bZ)

if q is a 2-point,
τ(p) = ℓ
(aZ+ bZ+ ∑
αi 6=0
iZ)/(aZ+ bZ+ i0Z)

if q is a 3-point.
Suppose that (28) holds. Then define
τ(p) = ℓ
(aZ+ ∑
αi 6=0
iZ)/(aZ+ i0Z)
 .
Suppose that (29) holds. Then define
τ(p) = ℓ
(aZ+ ∑
αi 6=0
iZ)/aZ
 .
Observe that τ(p) < ∞ in Definition 4.1, since Hp is a finitely generated group,
and Hp/Ap is a torsion group.
We define
τ(X) = τf (X) = max{τf(p) | p ∈ X}.
Lemma 4.2. Suppose that f : X → Y is prepared and p ∈ DX . Then τf (p) is
independent of choice of permissible parameters u, v, w at q = f(p) and permissible
parameters x, y, z at p for u, v, w.
Proof. This is proved in Lemma 3.10 of [C5] when p is a 3-point. We give here a
proof when p is a 1-point and q = f(p) is a 2-point or a 3-point. The proof in the
remaining cases is similar.
This is not difficult to prove when there exists a computation of τf (p) which gives
−∞, so we will assume that τf (p) ≥ 0 for all computations of τf (p).
Assume that p is a 1-point, and that q = f(p) is a 2-point or a 3-point. Suppose
that u, v, w are permissible parameters at q, such that u, v, w have an expression of
the form (2) and (27), or of the form 2 (b) of Definition 3.6 and (28).
We will first show that for fixed permissible parameters u, v, w at q, τf (p) is in-
dependent of choice of permissible parameters x, y, z for u, v, w at p which have an
expression of type (2) (and (27).
We have that u, v, w have an expression
u = xa
v = xb(α + y)
w =
∑n
j=0 αij (y)x
ij + xc(z + β)
(32)
where ij < c for all j, and αij (y) 6= 0 for all j.
If x, y, z are other permissible parameters for u, v, w at q, which also give an ex-
pansion of type 2 (and (27)), then we have x = ωx where ωa = 1, and thus y = ω−by,
z = ω−cz. Thus the computation of τf (p) for x, y, z is the same as for x, y, z.
By a similar calculation, for fixed permissible parameters u, v, w at q, we may show
that τ is independent of choice of permissible parameters x, y, z for u, v, w at p which
have an expression of type 2 (b) of Definition 3.6 and (28) at p.
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Now suppose that q is a 2-point, and u, v, w admit expressions of both the form
2 (b) of Definition 3.6 and of the form (2) at p. Let τ1 be the computation of τf (p)
from a representation of u, v, w in the form 2 (b) of Definition 3.6, and let τ2 be the
computation of τf (p) from a representation of u, v, w in the form of (2).
Since u, v, w have an expression of type 2 (b) at p, there are permissible parameters
x, y, z at p such that there is an expression
u = xa
v =
∑n
j=0 αij (y)x
ij + xc(z + β)
w = y
(33)
of the form (28), where αij are all nonzero and ij < c for all j. τ1 is the computation
of τf (p) for this expression, since u, v, w also have an expression of type (2) at p, as
u, v are toroidal forms at p. Since τ1 ≥ 0, we have
v = (α+ yλ(y))xi0 + αi1(y)x
i1 + · · ·+ αin(y)x
in + xc(z + β)
where 0 6= α = αi0(0) ∈ k and λ(y) is a unit series. Set
y = yλ(y) + αi1(y)x
i1−i0 + · · ·+ αin(y)x
in−i0 + xc−i0(z + β).
Then
y = λ(y)−1y − λ(y)−1αi1(y)x
i1−i0 − · · · − λ(y)−1αin(y)x
in−i0 − xc−i0λ(y)−1(z + β).
(34)
Iterate, substituting (34) into successive iterations of (34), to get a series P such that
y = P (y, xi1−i0 , . . . , xin−i0) + xc−i0Ω
for some Ω ∈ OˆX,p.
We compute the Jacobian determinant
Det
(
∂(u, v, w)
∂(x, y, z)
)
= −axa+c−1. (35)
We have
u = xa
v = xi0(y + α)
w = P (y, xi1−i0 , . . . , xin−i0) + xc−i0Ω,
and
Det
(
∂(u, v, w)
∂(x, y, z)
)
= axa+c−1
∂Ω
∂z
. (36)
Since (35) and (36) differ by multiplication of a unit series, ∂Ω
∂z
(0, 0, 0) 6= 0. Set
β = Ω(0, 0, 0), z = Ω− β. We have
u = xa
v = xi0(y + α)
w = P (y, xi1−i0 , . . . , xin−i0) + xc−i0(β + z).
τ2 is the value of τf (p) for this expression, computed from (27). We have
τ2 ≤ ℓ
(
(aZ+ i0Z+
∑n
j=1(ij − i0)Z)/(aZ+ i0Z)
)
= ℓ
(
(aZ+
∑n
j=0 ijZ)/(aZ+ i0Z)
)
= τ1.
(37)
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We now show that τ1 ≤ τ2. Since u, v, w have an expression of type (2) at p, we
have an expression
u = xa
v = xb(α+ y)
w = P (x, y) + xc(z + β)
(38)
of the form (27), where
P = αi0(y) + αi1(y)x
i1 + · · ·+ αin(y)x
in ,
αij (y) 6= 0 for all j, and in < c.
τ2 is the computation of τf (p) for this expression. Since τ2 ≥ 0, and u, v, w also
have an expression of type 2 (b) of Definition 3.6, we have ∂P
∂y
(0, 0) 6= 0. We then
have
αi0(y) = yλ(y)
where λ is a unit series. Set z = P + xc(z + β). We have
y = λ(y)−1[z − αi1 (y)x
i1 − · · · − αin(y)x
in − xc(z + β)]
= λ(y)−1z − λ(y)−1αi1(y)x
i1 − · · · − λ(y)−1αin(y)x
in − λ(y)−1xc(z + β).
(39)
Iterate, substituting (39) into successive iterations of (39), to get series P and Ω such
that
y = P (z, xi1 , . . . , xin) + xcΩ(z, x, z).
Thus we have an expression
u = xa
v = xb(α+ P (z, xi1 , . . . , xin)) + xb+cΩ
w = z.
We compute the Jacobian determinant from (38),
Det
(
∂(u, v, w)
∂(x, y, z)
)
= axa+b+c−1.
We compare with
Det
(
∂(u, v, w)
∂(x, z, z)
)
= axa+b+c−1
∂Ω
∂z
,
to see that ∂Ω
∂z
(0, 0, 0) 6= 0. Set β = Ω(0, 0, 0), y = Ω− β. We have
u = xa
v = xb(α+ P (z, xi1 , . . . , xin)) + xb+c(β + y)
w = z
in the form of 2 (b) of Definition 3.6. τ1 is the value of τf (p) for this expression. We
compute from (28),
τ1 ≤ ℓ
(
(aZ+ bZ+
∑n
j=0 ijZ)/(aZ+ bZ)
)
= τ2.
(40)
By (37) and (40) we see that τ1 = τ2.
From our calculations so far, we conclude that for fixed u, v, w, τf (p) is independent
of choice of permissible parameters x, y, z for u, v, w at p.
Now we will show that if u1, v1, w1 are a permutation of u, v, w such that u1, v1, w1
have one of the forms (2) and (27) or 2 (b) of Definition 3.6 and (28) at p, then we
obtain the same value of τf (p).
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First suppose that u1 = v, v1 = u, w1 = w, and u, v are toroidal forms at p (so
that (2) holds). Then u, v, w have an expression (32) at p. We have
u1 = v = x
b
v1 = u = x
a(α+ y)
where x = x(α+ y)−
1
b , α = α−
a
b , and y = λ(y)y for an appropriate unit series λ(y).
Set
β = βα−
c
b , z = (z + β)(α+ λ(y)y)−
c
b − β.
We have
w =
∑n
j=0 αij (λ(y)y)(α + λ(y)y)
−
ij
b xij + xc(z + β)(α+ λ(y)y)−
c
b
=
∑n
j=0 αij(y)x
ij + xc(β + z)
where αij(y) 6= 0 for all j.
Let τ1 be the calculation of τf (p) for the variables u, v, w, and let τ2 be the calcu-
lation of τ for the variables u1, v1, w1. We see that τ1 = τ2.
Now suppose that u1 = v, v1 = u,w1 = w, and u, v, w have an expression of the
form 2 (b) of Definition 3.6 and (28). u, v, w have an expression (33) at p. We have
u = xa
v = xi0(
∑n
j=0 αij (y)x
ij−i0 + xc−i0(z + β))
w = y
where αi0(y) is a unit series. Set
γ =
n∑
j=0
αij (y)x
ij−i0 + xc−i0(z + β).
Define x by
x = xγ−
1
i0 . (41)
We have a series P and Ω ∈ OˆX,p such that
u1 = v = x
i0
v1 = u = x
aγ
− a
i0 = xa(P (y, xi1−i0 , . . . , xin−i0) + xc−i0Ω)
w = y
By iterating substitution of (41) in P (y, xi1−i0 , . . . , xin−i0), we see that there is a
series P (y, xi1−i0 , . . . , xin−i0) and Ω ∈ OˆX,p such that
v1 = x
a(P (y, xi1−i0 , . . . , xin−i0) + xc−i0Ω).
Since the Jacobians
Det
(
∂(u, v, w)
∂(x, y, z)
)
= −axa+c−1
and
Det
(
∂(u1, v1, w1)
∂(x, y, z)
)
= −i0x
a+c−1 ∂Ω
∂z
differ by multiplication by a unit, ∂Ω
∂z
(0, 0, 0) 6= 0.
Set
β = Ω(0, 0, 0), z = Ω− β.
Then x, y, z are regular parameters in OˆX,p, and
u1 = x
i0
v1 = x
aP (y, xi1−i0 , . . . , xin−i0) + xa+c−i0(β + z)
w = y.
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Let τ1 be the calculation of τf (p) for the variables u, v, w, and let τ2 be the calcu-
lation of τf (p) for the variables u1, v1, w1 (from (28). We see that τ1 ≤ τ2. From this
argument for the change of variables u1, v1, w1 to u, v, w, we see that τ2 ≤ τ1, so that
τ1 = τ2.
Now suppose that q is a 3-point, u, v, w have an expression (2) and (27), and
u1 = w, v1 = v, w1 = u also have an expression (2) and (27).
We have
u = xa
v = xb(α+ y)
w = xi0(
∑n
j=0 αij (y)x
ij−i0 + xc−i0)(z + β))
(42)
where n < c, αij (y) 6= 0 for all j, and αi0(y) is a unit series. Set
γ =
n∑
j=0
αij (y)x
ij−i0 + xc−i0(z + β).
Set x = xγ
− 1
i0 . We have
u1 = w = x
i0
v1 = v = x
bγ−
b
i0 (α+ y)
w1 = u = x
aγ
− a
i0 .
As we are assuming that all calculations of τf (p) are ≥ 0, we have that c > 0.
Since w, v are assumed to be toroidal forms at p, we then have
∂
∂y
(γ−
b
i0 (α+ y))(0, 0, 0) 6= 0.
Set
α = γ
− b
i0 (0, 0, 0)α, y = γ
− b
i0 (α+ y)− α.
We have
x = x[(α + y)−1(y + α)]
1
b . (43)
There exists a unit series λ(y), series αr1,...rn(y), and Ω ∈ OˆX,p, such that
y = yλ(y) +
∑
r1,... ,rn>0
αr1,... ,rn(y)x
(i1−i0)r1 · · ·x(in−i0)rn + xc−i0Ω.
Thus
y = yλ(y)−1 −
∑
r1,... ,rn>0
λ(y)−1αr1,... ,rn(y)x
(i1−i0)r1 · · ·x(in−i0)rn − xc−i0λ(y)−1Ω.
(44)
There exists a series
P (y, xi1−i0 , . . . , xin−i0) (45)
such that u = xa(P + xc−i0Ω) for some Ω ∈ OˆX,p.
Substituting (43) and (44) into successive iterations of (45), we see that there is a
series P (y, xi1−i0 , . . . , xin−i0) and Ω′ ∈ OˆX,p such that
w1 = u = x
a(P (y, xi1−i0 , . . . , xin−i0) + xc−i0Ω′).
Thus there is an expression
u1 = w = x
i0
v1 = v = x
b(α+ y)
u = xa(P (y, xi1−i0 , . . . , w1 = x
in−i0) + xc−i0Ω′).
(46)
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We compute the Jacobian determinants
Det
(
∂(u, v, w)
∂(x, y, z)
)
= axa+b+c−1
and
Det
(
∂(u1, v1, w1)
∂(x, y, z)
)
= i0x
a+b+c−1 ∂Ω
′
∂z
.
Thus ∂Ω
′
∂z
(0, 0, 0) 6= 0. Set
β = Ω′(0, 0, 0), z = Ω′ − β.
x, y, z are regular parameters in OˆX,p. We have an expression
u1 = w = x
i0
v1 = v = x
b(α+ y)
w1 = u = x
aP (y, xi1−i0 , . . . , xin−i0) + xa+c−i0(β + z)
(47)
of the form (27).
Let τ1 be the computation of τf (p) from (47), τ2 be the computation of τf (p) from
(47). We see that τ1 ≤ τ2.
By this argument applied to the change of variables u1 = w, v1 = v, w1 = u to
u, v, w, we see that τ2 ≤ τ1, so that τ1 = τ2.
There is a similar calculation if u1 = u, v1 = w,w1 = v.
Now all other permutations u1, v1, w1 of u, v, w such that u1, v1, w1 have a form
(2) and (27) at p (so that u1, v1 are toroidal forms at p) are a composition of change
of variables of the three types analyzed above. We have shown that τf (p) is invariant
under such change of variables. Hence we get the same evaluation of τf (p) for all
possible permuations of the variables u, v, w and u1, v1, w1.
Now assume that u1 = u, v1 = v and w1 are permissible parameters at q.
Suppose that u, v, w have an expression of the form (2) at p. We then have an
expression (32) of u, v, w. Let τ1 be the computation of τf (p) for this expression. Set
P =
n∑
j=0
αij(y)x
ij .
We have an expansion
w1 =
∞∑
i=0
gi(u, v)w
i (48)
and w1 = wγ where γ(u, v, w) is a unit series if q = f(p) is a 3-point.
Substitute w = P + xc(z + β) into (48) to get
w1 =
∞∑
i=0
i∑
j=0
gi(u, v)
(
i
j
)
P i−jxjc(z + β)j .
We see that there exists a series P (y, xa, xb, xi0 , . . . , xin) such that
w1 = P (y, x
a, xb, xi0 , . . . , xin) + xcΩ
for some series Ω. Comparing the Jacobian determinants
Det
(
∂(u, v, w)
∂(x, y, z)
)
= axa+b+c−1
and
Det
(
∂(u, v, w1)
∂(x, y, z)
)
= axa+b+c−1
∂Ω
∂z
,
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we see that ∂Ω
∂z
(0, 0, 0) 6= 0. Set
β = Ω(0, 0, 0), z = Ω− β.
We have
u = xa
v = xb(α + y)
w1 = P (y, x
a, xb, xi0 , . . . , xin) + xc(z + β)
of the form of (27). Further, we have w1 = x
i0γ where γ(x, y, z) is a unit series if
q = f(p) is a 3-point. Let τ2 be the computation of τf (p) for this expression. We see
that τ2 ≤ τ1. Now applying this argument to the change of variables from u, v, w1 to
u, v, w, we see that τ1 = τ2.
Now suppose that u, v, w have an expression of the form 2 (b) of Definition 3.6 and
(28) (so that q = f(p) is a 2-point). We have
u = xa
v =
∑n
j=0 αij (y)x
ij + xc(z + β)
w = y
where αij (y) are all nonzero and ij < c for all j.
Let τ1 be the computation of τf (p) for u, v, w.
By the formal implicit function theorem, there exists a unit series γ(u, v, w) and a
series φ(u, v) with φ(0, 0) = 0 such that w1 = γ(w − φ). We have
w1 = γ(0, 0, y)y + xΩ
for some series Ω(x, y, z). We may thus set y = w1, and have that x, y, z are regular
parameters in OˆX,p.
There exist a unit series α0(y) and series αr0,... ,rn(y) such that there is an expres-
sion
y = α0(y)y +
∑
r0+···+rn>0
αr0,... ,rn(y)x
i0r0+···+inrn + xcΩ
with α0(0) 6= 0.
We thus have an expression
y = α0(y)
−1y −
∑
r0+···+rn>0
α0(y)
−1αr0,... ,rn(y)x
i0r0+···+inrn + xcα0(y)
−1Ω.
(49)
We substitute (49) into successive iterations of
v =
n∑
j=0
αij (y)x
ij + xc(z + β)
to obtain an expression
v = P (y, xi0 , . . . , xin) + xcΩ.
Comparing the Jacobian determinants
Det
(
∂(u, v, w)
∂(x, y, z)
)
= −axa+c−1
and
Det
(
∂(u, v, w1)
∂(x, y, z)
)
= −axa+c−1
∂Ω
∂z
,
we see that ∂Ω
∂z
(0, 0, 0) 6= 0. Set
β = Ω(0, 0, 0), z = Ω− β.
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x, y, z are regular parameters in OˆX,p, and we have an expression
u = xa
v = P (xi0 , . . . , xin) + xc(z + β)
w1 = y
of the form of (28). Let τ2 be the computation of τf (p) for u, v, w1. We have τ2 ≤ τ1.
Now applying this argument to the change of variables from u, v, w1 to u, v, w, we see
that τ1 = τ2.
Using the above techniques, we can show that we have the same computation of
τf (p) for a change of variables
u1 = λ1u, v1 = λ2v, w1 = w
where λ1, λ2 are unit series.
Finally, suppose that u1, v1, w1 are arbitrary permissible parameters at q. Then
u1, v1, w1 may be obtained from u, v, w be a series of changes of variables of the types
considered above. It follows that the computation of τf (p) for the variables u, v, w
and u1, v1, w1 are the same.

Lemma 4.3. Suppose that f : X → Y is prepared. Then τf is upper semi continuous
on DX .
Proof. This follows from a local calculation, computing a deformation in etale local
coordinates of the possible prepared forms.
Suppose that p∗ ∈ X . We must find a Zariski open neighborhood U of p∗ in X
such that p ∈ U ∩DX implies τf (p) ≤ τf (p∗).
We work out a few cases. Suppose that p∗ ∈ X is a 3-point, τf (p∗) ≥ 0 and
there exist (algebraic) permissible parameters u, v, w at q∗ = f(p∗) such that u, v are
toroidal forms at p∗. Then there exist regular parameters x˜, y˜, z˜ ∈ OX,p∗, and units
γ1, γ2 ∈ OX,p∗ such that
u = x˜ay˜bz˜cγ1
v = x˜dy˜ez˜fγ2
with
rank
(
a b c
d e f
)
= 2.
There exist rational numbers aij such that if we set
x = x˜γa111 γ
a12
2 , y = x˜γ
a21
1 γ
a22
2 , z = x˜γ
a31
1 γ
a32
2 ,
then
u = xaybzc, v = xdyezf .
From the Jacobian determinant
Det
(
∂(u, v, w)
∂(x, y, z)
)
we see that we have an expansion
u = xaybzc
v = xdyezf
w =
∑
i≥0 αix
aiybizci + xgyhziγ
(50)
where γ is a unit series,
Det
 a b cd e f
g h i
 6= 0,
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and for all i, αi 6= 0,
Det
 a b cd e f
ai bi ci
 = 0,
and (ai, bi, ci) 6≥ (g, h, i).
We can compute τf (p
∗) by changing variables, multiplying x, y, z by appropriate
rational powers of γ. We obtain that
u = xˆayˆbzˆc
v = xˆdyˆezˆf
w =
∑
i≥0 αixˆ
ai yˆbi zˆci + xˆg yˆhzˆi.
Thus
τf (p
∗) = ℓ
((a, b, c)Z+ (d, e, f)Z+∑
i≥0
(ai, bi, ci)Z)/((a, b, c)Z+ (d, e, f)Z)

if q∗ is a 2-point,
τf (p
∗) = ℓ
(
((a, b, c)Z+ (d, e, f)Z+
∑
(ai, bi, ci)Z)/((a, b, c)Z+ (d, e, f)Z+ (a0, b0, c0)Z)
)
if q∗ is a 3-point.
We compute the Jacobian
Det
(
∂(u, v, w)
∂(xˆ, yˆ, zˆ)
)
= Det
 a b cd e f
g h i
 xˆa+d+g−1yˆb+e+h−1zˆc+f+i−1.
(51)
Let e be a common denominator of the aij . There exists an affine neighborhood
U = spec(A) of p∗ such that x˜, y˜, z˜ are uniformizing parameters on U , and γ1, γ2 are
units on U . Let
B = A[γ
1
e
1 , γ
1
e
2 ],
V = spec(B). After possibly shrinking U to a smaller neighorhood of p∗, we may
assume that V is an etale cover of U and x, y, z are uniformizing parameters on V .
Let Λ : V → U be the natural morphism.
Suppose that p ∈ DX ∩ U is a 2-point. We will show that τf (Λ(p)) ≤ τf (p
∗).
After possibly interchanging x, y, z, we may assume that OV,p has regular parameters
x, y, z˜ = z − α for some 0 6= α ∈ k. After interchanging u, v if necessary, we have
three possible cases:
1. ae− bd 6= 0,
2. ae− bd 6= 0, (d, e) 6= (0, 0),
3. (d, e) = 0.
We will analyze these three cases in turn.
Suppose that ae−bd 6= 0, Define (formal) regular parameters x, y, z at p by choosing
λ1, λ2 ∈ Q so that
x = xzλ1 , y = yzλ2 , z = z + α
satisfy
u = xayb, v = xdye.
We thus have an expression
u = xayb, v = xdye, w = P (x, y) + xmynΩ (52)
for some series P (x, y) and Ω ∈ OˆX,p, where
∂Ω
∂z
(0, 0, 0) 6= 0.
We compute the Jacobian determinant
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Det
(
∂(u, v, w)
∂(x, y, z)
)
= (ae− bd)
∂Ω
∂z
xa+d+m−1yb+e+n−1
so that ∂Ω
∂z
(0, 0, 0) 6= 0. Comparing with (51), we see that m = g and n = h.
We compute that
∂
∂x
= zλ1
∂
∂x
,
∂
∂y
= zλ2
∂
∂y
,
∂
∂z
= λ1
x
z
∂
∂x
+ λ2
y
z
∂
∂y
+
∂
∂z
.
Thus
∂m+nw
∂xm∂yn
= zmλ1+nλ2
∂m+nw
∂xm∂yn
.
From (50) we see that ∂
m+nw
∂xm∂yn
∈ (x, y) if (m,n) 6= (ai, bi) for any i, and (m,n) 6≥
(g, h). We have an expansion
P (x, y) =
∑
(m,n) 6≥(g,h)
1
m!n!
∂m+nw
∂xm∂yn
(p)xmyn.
Thus there is an expansion
P =
∑
βix
aiybi
with
βi = α
mλ1+nλ2
∂m+nw
∂xm∂yn
(p).
We conclude that we may make a formal change of variables in (52), setting β =
Ω(0, 0, 0) and z∗ = Ω− β, to get
u = xayb
v = xdye
w =
∑
βix
aiybi + xgyh(z∗ + β).
(53)
We now compare τf (p) to τf (p
∗). Let q = f(p).
Suppose that q∗ is a 3-point. If q is a 2-point, then either (a0, b0) = (0, 0), or
g = h = 0 in (53). (a0, b0) = (0, 0) implies ae − bd = 0 which is not possible. Thus
g = h = 0, and we see that τf (p) = −∞ ≤ τf (p∗). Suppose that q is a 3-point. Then
we compute τf (p) from (53) and (21), to get
τf (p) = ℓ
(
((a, b)Z + (d, e)Z+
∑
βi 6=0,(ai,bi) 6≥(g,h)
(ai, bi)Z)/((a, b)Z + (d, e)Z+ (a0, b0)Z)
)
≤ τf (p∗).
Suppose that q∗ is a 2-point. Then q is a 2-point, and we have from (53) and (21)
that
τf (p) = ℓ
(
((a, b)Z+ (d, e)Z+
∑
βi 6=0,(ai,bi) 6≥(g,h)
(ai, bi)Z)/((a, b)Z+ (d, e)Z)
)
≤ τf (p∗).
Suppose that ae− bd 6= 0 and (d, e) 6= (0, 0).
There exist a, b, t, k such that (a, b) = k(a, b), (d, e) = t(a, b) with gcd(a, b) = 1,
k, t 6= 0.
Define (formal) regular parameters x, y, z at p by choosing λ1, λ2, λ3 ∈ Q so that
x = xzλ1 , y = yzλ2 , zλ3 = z + α
satisfy
u = (xayb)k, v = (xayb)t(z + α).
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We thus have an expression
u = (xayb)k, v = (xayb)t(z + α), w = P (xayb, z) + xmynΩ (54)
where Ω is a unit series and an− bm 6= 0.
We compute the Jacobian determinant
Det
(
∂(u, v, w)
∂(x, y, z)
)
= (xayb)t+k−1xm+a−1yn+b−1γ,
where
γ = k(bm− an)Ω + kbx
∂Ω
∂x
− kay
∂Ω
∂y
is a unit series. Comparing with (51), we see that m = g and n = h.
We compute that
∂
∂x
= zλ1
∂
∂x
,
∂
∂y
= zλ2
∂
∂y
,
∂
∂z
=
λ1
λ3
xz−λ3
∂
∂x
+
λ2
λ3
yz−λ3
∂
∂y
+
1
λ3
z1−λ3
∂
∂z
.
Thus
∂m+nw
∂xm∂yn
= zmλ1+nλ2
∂m+nw
∂xm∂yn
.
From (50) we see that ∂
m+nw
∂xm∂yn
∈ (x, y) if (m,n) 6= (ai, bi) for any i, and (m,n) 6≥
(g, h). There is thus an expansion
P (xayb, z) =
∑
j,k
βj,k(x
ayb)jzk
with
βj,k =
1
k!(ja)!(jb)!
∂k
∂zk
(
∂j(a+b)w
∂xja∂yjb
)
(p).
Thus βj,k = 0 if (ja, jb) 6= (ai, bi) for some i, and (ja, jb) 6≥ (g, h).
We conclude that we may make a formal change of variables in (54), setting
x = x∗γ1 and y = y
∗γ2,
with appropriate unit series γ1 and γ2, to get
u = ((x∗)a(y∗)b)k
v = (x∗)a(y∗)b)t(z + α)
w = P ((x∗)a(y∗)b, z) + (x∗)g(y∗)h.
(55)
We now compare τf (p) to τf (p
∗). Let q = f(p).
Suppose that q∗ is a 3-point. Suppose that q is a 3-point. We compute τf (p) from
(55) and (22), to get
τf (p) = ℓ
(kZ+ tZ+ ∑
βj,k 6=0,(ja,jb) 6≥(g,h)
jZ)/(kZ+ tZ+ j0Z)
 ,
where j0(a, b) = (a0, b0). We have a surjection
((a, b, c)Z+ (d, e, f)Z+
∑
(ai, bi, ci)Z)/((a, b, c)Z+ (d, e, f)Z+ (a0, b0, c0)Z)
→ (kZ+ tZ+
∑
j(a,b)=(ai,bi)
jZ)/(kZ+ tZ+ j0Z)
defined by j(a, b, 0) + l(0, 0, 1) 7→ j. Thus τf (p) ≤ τf (p∗).
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If q is a 2-point, then we must have that (a0, b0) = (0, 0) or g = h = 0. But we
cannot have g = h = 0 since
Det
 a b cd e f
g h i
 6= 0.
If (a0, b0) = (0, 0), then we have (a0, b0, c0) = (0, 0, c0), from which we conclude
that τf (p) ≤ τf (p∗).
Suppose that q∗ is a 2-point. Then q is a 2-point.
We compute τf (p) from (55) and (22), to get
τf (p) = ℓ
(kZ+ tZ+ ∑
βj,k 6=0,(ja,jb) 6≥(g,h)
jZ)/(kZ+ tZ)
 .
As in the case when q∗ is a 3-point, we conclude that τf (p) ≤ τf (p∗).
Suppose that d = e = 0. We have (a, b) = k(a, b) with a, b > 0 and gcd(a, b) = 1.
Define regular parameters x, y, z in OˆX,p by choosing λ1, λ2 ∈ Q and α = αf , so
that
x = xzλ1 , y = yzλ2 , zf = z + α
satisfy
u = (xayb)k, v = z + α.
We thus have an expression
u = (xayb)k, v = v − α = z, w = P (xayb, z) + xmynΩ (56)
where u, v are toroidal forms at q = f(p), P is a series, Ω is a unit series and an−bm 6=
0.
We compute the Jacobian
Det
(
∂(u, v, w)
∂(x, y, z)
)
= xa+m−1yb+n−1γ.
where
γ = (mb− an)Ω + bx
∂Ω
∂x
− ay
∂Ω
∂y
is a unit series. Comparing with (51), we see that m = g and n = h.
We compute that
∂
∂x
= zλ1
∂
∂x
,
∂
∂y
= zλ2
∂
∂y
,
∂
∂z
=
λ1
f
x
zf
∂
∂x
+
λ2
f
y
zf
∂
∂y
+
1
f
z1−f
∂
∂z
.
Thus
∂m+nw
∂xm∂yn
= zmλ1+nλ2
∂m+nw
∂xm∂yn
.
From (50) we see that ∂
m+nw
∂xm∂yn
∈ (x, y) if (m,n) 6= (ai, bi) and (m,n) 6≥ (g, h).
There is an expansion
P =
∑
j,k
βj,k(x
ayb)jzk
with
βj,k =
1
k!(ja)!(jb)!
∂k
∂zk
(
∂j(a+b)w
∂xja∂yjb
)
(p).
Thus βj,k = 0 if (ja, jb) 6= (ai, bi) and (ja, jb) 6≥ (g, h).
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We conclude that we may make a formal change of variables in (56), setting
x = x∗γ1 and y = y
∗γ2,
with appropriate unit series γ1 and γ2, to get
u = ((x∗)a(y∗)b)k
v = v − α = z
w = P ((x∗)a(y∗)b, z) + (x∗)g(y∗)h.
(57)
We now compare τf (p) to τf (p
∗). Let q = f(p).
Suppose that q∗ is a 3-point. Then q is a 1-point or a 2-point. If q is a 2-point,
then u,w, v are permissible parameters at q such that there is an expression
u = ((x∗)a(y∗)b)k
w = P ((x∗)a(y∗)b, z) + (x∗)g(y∗)h
v = z
of the form of 2 (c) of Definition 3.6, and (23).
We have
τf (p) = ℓ
(kZ+ ∑
βj,k 6=0,(ja,jb) 6≥(g,h)
jZ)/(kZ+ j0Z)
 ,
where j0(a, b) = (ai0 , bi0).
We thus have a surjection
((a, b, c)Z+ (d, e, f)Z+
∑
(ai, bi, ci)Z)/((a, b, c)Z+ (d, e, f)Z+ (a0, b0, c0)Z)
→ (kZ+
∑
j(a,b)=(ai,bi)
jZ)/(kZ+ j0Z)
defined by j(a, b, 0) + l(0, 0, 1) 7→ j. Thus τf (p) ≤ τf (p∗).
If q∗ is a 3-point and q is a 1-point, then we have permissible parameters u, v, w at
q, defined by
u = ((x∗)a(y∗)b)k
v = z
w = w − β = P ((x∗)a(y∗)b, z)− β + (x∗)g(y∗)h
of the form (7) and (24), where 0 6= β = P (0, 0) so that (aj0 , bj0) = (0, 0).
We have
τf (p) = ℓ
kZ+ ∑
βj,k 6=0,(ja,jb) 6≥(g,h)
jZ)/kZ
 .
We have a surjection
((a, b, c)Z+ (d, e, f)Z+
∑
(ai, bi, ci)Z)/((a, b, c)Z+ (d, e, f)Z+ (a0, b0, c0)Z)
→ (kZ+
∑
j(a,b)=(ai,bi)
jZ)/(kZ+ j0Z)
defined by j(a, b, 0) + l(0, 0, 1) 7→ j. Thus τf (p) ≤ τf (p∗).
There is a similar analysis if q∗ is a 2-point.
We have completed the analysis for a 2-point p ∈ V .
Now suppose that p ∈ DX ∩ V is a 1-point. Recall that we are assuming that p∗ is
a 3-point. We will show that τf (Λ(p)) ≤ τf (p∗). After possibly interchanging x, y, z,
we may suppose that OV,p has regular parameters x, y−α, z− β for some 0 6= α ∈ k,
0 6= β ∈ k. After interchanging u, v and y, z if necessary, we have two possible cases:
a, d 6= 0, e 6= 0 and a 6= 0, d = 0, e 6= 0. We will analyze these two cases in turn.
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Suppose that a, d 6= 0 and e 6= 0.
Define regular parameters x, y, z in OˆX,p by choosing λij ∈ Q, α = αλ21βλ22 , so
that
x = xyλ11zλ12 , y + α = yλ21zλ22 , z + β = z
satisfy
u = xa, v = xd(y + α).
We thus have an expression
u = xa
v = xd(y + α)
w = P (x, y) + xmΩ
(58)
where ∂Ω
∂z
(0, 0, 0) 6= 0.
We compute the Jacobian
Det
(
∂(u, v, w)
∂(x, y, z)
)
= xa+d+m−1
∂Ω
∂z
.
Comparing with (51), we see that m = g.
We have
x = x(y + α)
λ11
λ21 (z + β)
λ12−
λ11λ22
λ21
y = (y + α)
1
λ21 (z + β)
−
λ22
λ21
z = z + β,
from which we see that
∂
∂x
= yλ11zλ12 ∂
∂x
∂
∂y
= λ11
λ21
xy−λ21z−λ22 ∂
∂x
+ 1
λ21
y1−λ21z−λ22 ∂
∂y
∂
∂z
=
(
λ12λ21−λ11λ22
λ21
)
xz−1 ∂
∂x
− λ22
λ21
yz−1 ∂
∂y
+ ∂
∂z
.
Thus
∂mw
∂xm
= ymλ11zmλ12
∂mw
∂xm
.
From (50) we see that ∂
mw
∂xm
∈ (x) if m 6= ai for some i and m 6≥ g. There is an
expansion
P =
∑
j,k
βj,kx
jyk
with
βj,k =
1
k!j!
∂k
∂yk
(
∂jw
∂xj
)
(0, 0, 0).
Thus βj,k = 0 if j 6= ai and j 6≥ g.
We may make a formal change of variables in (58), setting β = Ω(0, 0, 0) and
z∗ = Ω− β, to get
u = xa
v = xd(y + α)
w =
∑
βj,kx
jyk + xg(z∗ + β).
(59)
We now compare τf (p) to τf (p
∗). Let q = f(p).
Suppose that q∗ is a 3-point. If q is a 2-point then we have that a0 = 0, and
τf (p) = ℓ
(aZ+ dZ+∑
j<g
jZ)/(aZ+ dZ)
 ≤ τf (p∗).
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If q∗ is a 3-point and q is a 3-point, then
τf (p) = ℓ
(aZ+ dZ+ ∑
βjk 6=0,j<g
jZ)/(aZ+ dZ+ a0Z)
 ≤ τf (p∗).
Suppose that q∗ is a 2-point. Then q is a 2-point, and by a similar calculation,
τf (p) ≤ τf (p∗).
Suppose that a 6= 0, d = 0, e 6= 0.
Define (formal) regular parameters x, y, z at p by choosing λ1j ∈ Q and α = αeβf
so that
x = xyλ11zλ12 , y + α = yezf , z + β = z
satisfy
u = xa, v = v − α = y.
We thus have an expression
u = xa
v = v − α = y
w = P (x, y) + xmΩ
(60)
where ∂Ω
∂z
(0, 0, 0) 6= 0.
We compute the Jacobian
Det
(
∂(u, v, w)
∂(x, y, z)
)
= xa+m−1
∂Ω
∂z
.
Comparing with (51), we see that m = g.
We have
x = x(y + α)
λ11
e (z + β)λ12−
λ11f
e
y = (y + α)
1
e (z + β)−
f
e
z = z + β,
from which we see that
∂
∂x
= yλ11zλ12 ∂
∂x
∂
∂y
= λ11
e
xy−ez−f ∂
∂x
+ 1
e
y1−ez−f ∂
∂y
∂
∂z
= (λ12e−λ11f)
e
xz−1 ∂
∂x
− f
e
yz−1 ∂
∂y
+ ∂
∂z
.
Thus
∂mw
∂xm
= ymλ11zmλ12
∂mw
∂xm
.
From (50) we see that ∂
mw
∂xm
∈ (x) if m 6= ai for some i and m 6≥ g. There is an
expansion
P =
∑
j,k
βj,kx
jyk
with
βj,k =
1
k!j!
∂k
∂yk
(
∂jw
∂xj
)
(0, 0, 0).
Thus βj,k = 0 if j 6= ai and j 6≥ g.
We may make a formal change of variables in (60), setting β = Ω(0, 0, 0) and
z∗ = Ω− β, to get
u = xa
v = y
w =
∑
βj,kx
jyk + xg(z∗ + β).
(61)
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We now compare τf (p) to τf (p
∗). Let q = f(p).
Suppose that q∗ is a 3-point. If q is a 1-point then we have that a0 = 0, and
u, v, w = w−w(q) are permissible parameters at q which have a form (6) and (29) at
p.
τf (p) = ℓ
(aZ+ ∑
βjk 6=0,j<g
jZ)/aZ
 ≤ τf (p∗).
If q is a 2-point, then u,w, v are premissible parameters at q which have a form 2 (b)
of Definition 3.6 and (28), and
τf (p) = ℓ
(aZ+ ∑
βjk 6=0,j<g
jZ)/(aZ+ a0Z)
 ≤ τf (p∗).
Suppose that q∗ is a 2-point. Then q is a 1-point, and by a similar calculation,
τf (p) ≤ τf (p∗).
This completes the analysis that τf (p) ≤ τf (p∗) if p∗ is a 3-point and p ∈ U .
The analysis when p∗ is a 2-point or a 1-point is simpler, and we leave it to the
reader.
We conclude that τf is upper semi-continuous.

Definition 4.4. Suppose that f : X → Y is a prepared, proper morphism, and
τ ∈ N is such that τf (X) ≤ τ . Let GX(f, τ) = {p ∈ X | τf (X) = τ}, GY (f, τ) =
f(GX(f, τ)). We will say that f is τ-prepared if GY (f, τ) contains no 2-curves and
no 3-points.
By Lemma 4.3, GX(f, τ) is a closed subset of X , and since f is proper, GY (f, τ)
is a closed subset of Y .
5. Super Parameters
Throughout this section, we assume that f : X → Y is a dominant, proper mor-
phism of nonsingular 3-folds.
Definition 5.1. Suppose that f : X → Y is prepared, and q ∈ Y is a 2-point.
Permissible parameters u, v, w at q are super parameters for f at q if at all p ∈
f−1(q), there exist permissible parameters x, y, z for u, v, w at p such that we have
one of the forms:
1. p is a 1-point
u = xa
v = xb(α+ y)
w = xcγ(x, y) + xd(z + β)
(62)
where γ is a unit series (or zero), 0 6= α ∈ k and β ∈ k,
2. p is a 2-point of the form of (3) of Definition 3.1
u = xayb
v = xcyd
w = xeyfγ(x, y) + xgyh(z + β)
(63)
where ad− bc 6= 0, γ is a unit series (or zero), and β ∈ k.
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3. p is a 2-point of the form of (4) of Definition 3.1
u = (xayb)k
v = (xayb)t(α+ z)
w = (xayb)lγ(xayb, z) + xcyd
(64)
where 0 6= α ∈ k, ad− bc 6= 0 and γ is a unit series (or zero).
4. p is a 3-point
u = xaybzc
v = xdyezf
w = xgyhziγ + xjykzl
(65)
where rank(u, v, xjykzl) = 3, rank(u, v, xgyhzi) = 2 and γ is a unit series in
monomials M such that rank(u, v,M) = 2 (or γ is zero).
Suppose that q ∈ Y is a 1-point. Permissible parameters u, v, w at q are super
parameters for f at q if at all p ∈ f−1(q), there exist permissible parameters x, y, z
for u, v, w at p such that we have one of the forms:
5. p is a 1-point
u = xa
v = y
w = xcγ(x, y) + xd(z + β)
(66)
where γ is a unit series (or zero) and β ∈ k,
6. p is a 2-point
u = (xayb)k
v = z
w = (xayb)lγ(xayb, z) + xcyd
(67)
where ad− bc 6= 0 and γ is a unit series (or zero).
Lemma 5.2. Suppose that f : X → Y is prepared, and Φ : X1 → X is the blow
up of a 2-curve or a 3-point. Let f1 = f ◦ Φ : X1 → Y . Then f1 is prepared, and
τf1(p) ≤ τf (Φ(p)) for all p ∈ DX1 .
If q ∈ Y and u, v, w are super parameters for f at q, then u, v, w are super param-
eters for f1 at q.
Proof. We prove this in the case when Φ : X1 → X is the blow up of a 2-curve C.
The case when Φ is the blow up of a 3-point is similar.
Suppose that p ∈ C. Let q = f(p). Then there are permissible parameters u, v, w
at q and x, y, z for u, v, w at p such that either u, v are toroidal forms at p, or a form
2 (c) of Definition 3.6 holds at q. Further, x = y = 0 are local equations of C at p.
The most difficult case is when p is a 3-point, q = f(p) is a 3-point and τf (p) ≥ 0.
The other cases are similar. Assume that this case holds.
We have an expansion of the form of (19)
u = xaybzc
v = xdyezf
w =
∑
(ai,bi,ci) 6≥(g,h,i)
αix
aiybizci + xgyhzi
(68)
with αi 6= 0 for all i. There are φi, ψi ∈ Q such that
(ai, bi, ci) = φi(a, b, c) + ψi(d, e, f)
for all i.
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Suppose that p1 ∈ Φ−1(p). Then (after possibly interchanging x and y) OˆX1,p1 has
regular parameters x1, y1, z where
x = x1, y = x1(y1 + α)
for some α ∈ k. We have
u = xa+b1 (y1 + α)
bzc
v = xd+e1 (y1 + α)
ezf
w =
∑
(ai,bi,ci) 6≥(g,h,i)
αix
ai+bi
1 (y1 + α)
bizci + xg+h1 (y1 + α)
hzi.
We may assume that τf1(p1) ≥ 0.
Case 1. Assume that 0 6= α and (a + b)f − c(d + e) 6= 0. There exist regular
parameters x1, y1, z1 in OˆX1,p1 and β ∈ k such that
u = xa+b1 z
c
1
v = xd+e1 z
f
1
w =
∑
(ai+bi,ci) 6≥(g+h,i)
αix
ai+bi
1 z
ci
1 + x
g+h
1 z
i
1(y1 + β)
of the form of (21). The homomorphism Λ : Z3 → Z2 defined by (x, y, z) 7→ (x+ y, z)
induces a surjection
((a, b, c)Z+ (d, e, f)Z+
∑
i≥0(ai, bi, ci)Z)/((a, b, c)Z + (d, e, f)Z+ (a0, b0, c0)Z)
→ ((a+ b, c)Z+ (d+ e, f)Z+
∑
i≥0(ai + bi, ci)Z)/((a + b, c)Z+ (d+ e, f)Z+ (a0 + b0, c0)Z).
Thus
τf (p) ≥ ℓ(((a+ b, c)Z+ (d+ e, f)Z+
∑
i≥0(ai + bi, ci)Z)
/((a+ b, c)Z+ (d+ e, f)Z+ (a0 + b0, c0)Z))
≥ ℓ(((a+ b, c)Z+ (d+ e, f)Z+
∑
(ai+bi,ci) 6≥(g+h,i)
(ai + bi, ci)Z)
/((a+ b, c)Z+ (d+ e, f)Z+ (a0 + b0, c0)Z))
= τf1(p1).
Case 2. Assume 0 6= α, and (a + b)f − c(d = e) = 0. Then there exist a, b ∈ N
such that (a+ b, c) = k(a, b), (d+ e, f) = t(a, b) with k, t 6= 0, gcd(a, b) = 1.
There exist regular parameters x1, y1, z1 in OˆX1,p1 and 0 6= α ∈ k such that
u = xa+b1 z
c
1 = (x
a
1z
b
1)
k
v = xd+e1 z
f
1 (y1 + α) = (x
a
1z
b
1)
t(y1 + α)
w =
∑
(ai+bi,ci) 6≥(g+h,i)
αi(x
a
1z
b
1)
φik+ψit(y1 + α)
ψi + xg+h1 z
i
1
of the form of (22). We have
τf1(p1) = ℓ
kZ+ tZ+ ∑
(ai+bi,ci) 6≥(g+h,i)
(φik + ψit)Z)/(kZ+ tZ+ (φ0k + ψ0t)Z)
 .
As in the argument of Case 1, we see that
τf (p) ≥ ℓ(((a+ b, c)Z+ (d+ e, f)Z+
∑
i≥0(ai + bi, ci)Z)
/((a+ b, c)Z+ (d+ e, f)Z+ (a0 + b0, c0)Z))
= ℓ((k(a, b)Z+ t(a, b)Z+
∑
i≥0(φik(a, b) + ψit(a, b)Z)
/(k(a, b)Z + t(a, b)Z+ (φ0k(a, b) + ψ0t(a, b))Z))
= ℓ((kZ+ tZ+
∑
i≥0(φik + ψit)Z)
/(kZ+ tZ+ (φ0k + ψ0t)Z))
≥ τf1(p1).
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Case 3. 0 = α. There exist regular parameters x1, y1, z1 in OˆX1,p1 such that
We have
u = xa+b1 y
b
1z
c
v = xd+e1 y
e
1z
f
w =
∑
(ai+bi,bi,ci) 6≥(g+h,h,i)
αix
ai+bi
1 y
bi
1 z
ci + xg+h1 y
h
1z
i
1
of the form of (19). Thus
τf1(p1) = ℓ(((a+ b, b, c)Z+ (d+ e, e, f)Z+
∑
(ai+bi,bi,ci) 6≥(g+h,h,i)
(ai + bi, bi, ci)Z)
/((a+ b, b, c)Z+ (d+ e, e, f)Z+ (a0 + b0, b0, c0)Z))
≤ τf (p).
The fact that super parameters for f at q ∈ Y are super parameters for f1 at
q follows from substitution of local equations for Φ into the forms of Definition 5.1
defining super parameters, and making an appropriate change of variables.

Lemma 5.3. Suppose that f : X → Y is prepared, q ∈ Y and u, v, w are super
parameters at q. Then there exists a sequence of blow ups of 2-curves Φ : X1 → X
such that f1 = f ◦ Φ : X1 → Y is prepared, τf1(p) ≤ τf (Φ(p)) for p ∈ DX1 , u, v, w
are super parameters at q for f1 and if p ∈ f
−1
1 (q) with τf1(p) > 0, then w = 0 is a
divisor supported on DX at p.
Proof. The fact that for a sequence of blow ups of 2-curves Φ : X1 → Y , f1 = f ◦Φ :
X1 → Y is prepared and τf1 (p) ≤ τf (Φ(p)) for p ∈ DX1 follows from Lemma 5.2.
The condition that u, v, w are super parameters at q is preserved by blowup of
2-curves above X .
If p ∈ f−11 (q) is a 1-point, then 1 or 5 of Definition 5.1 hold, and if τf1(p) > 0, then
w = 0 is a divisor supported on DX at p.
We may construct Φ so that if p ∈ f−11 (q), then (x
eyf , xgyh)OˆX1,p is principal if 2 of
Definition 5.1 holds, ((xayb)l, xcyd)OˆX,p is principal if 3 holds, (xgyhzi, xjykzl)OˆX1,p
is principal if 4 holds, ((xayb)l, xcyd)OˆX1,p is principal if 6 holds.
We see that in all these cases that w = 0 is a divisor supported on DX at p if
τf1(p) > 0, so that the conclusions of the lemma hold. 
Lemma 5.4. Suppose that f : X → Y is prepared and C ⊂ Y is a 2-curve. Then
there exists a commutative diagram
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
where Ψ1 : Y1 → Y is the blow up of C, Φ1 : X1 → X is a product of blow ups of
2-curves, Φ1 is an isomorphism above f
−1(Y −C) and f1 is prepared. If p1 ∈ X1 and
p = Φ1(p1), then
τf1(p1) ≤ τf (p).
If f is τ-prepared then f1 is τ-prepared.
Proof. Most of this is proven in Lemma 5.2 [C5]. It only remains to check that
τf1(p1) ≤ τf (p) when p1 is a 1 or 2-point.
By Lemma 5.3, we know that τf◦Φ1(p1) ≤ τf (p). We verify that τf1 (p1) ≤
τf◦Φ1(p1).
This can be seen from consideration of local equations of f ◦Φ1, Φ1 and Ψ1, using
Lemma 4.2 and the methods of Lemma 4.2 and Lemma 4.3. 
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Lemma 5.5. Suppose that f : X → Y is prepared and q ∈ Y is a 2-point. Then there
exists a commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
(69)
where Φ and Ψ are products of blow ups of 2-curves, such that f1 is prepared, τf1(p) ≤
τf (Φ(p)) for p ∈ DX1 , and there exist no points of form 2 (b) or 2 (c) of Definition
3.6 for f1 above points of Ψ
−1(q).
Proof. There exist sequences of blow ups of 2-curves Y1 → Y such that the rational
map X → Y1 is defined at all points p ∈ f−1(q) such that f has at p an expression
of form 2 (b) or 2 (c) of Definition 3.6, and p maps to 1-point. By Lemma 5.4, by
blowing up 2-curves above X , we can construct f1 which has the desired property. 
Definition 5.6. Suppose that f : X → Y is τ-prepared, p ∈ DX and q = f(p). Let
u, v, w be permissible parameters at q. We say that w is good at p for f if one of the
following expressions holds:
p a 1-point, q a 1-point
u = xa, v = y, w =
∑
a 6 |i
aijx
iyj + xn(z + α) (70)
p a 2-point, q a 1-point
u = (xayb)k, v = z, w =
∑
k 6 |i
aij(x
ayb)izj + xcyd (71)
p a 1-point, q a 2-point
u = xa, v = xb(α+ y), w =
∑
d 6 |i
aijx
iyj + xn(z + α) (72)
where d = gcd(a, b).
p a 2-point, q a 2-point
u = xayb, v = xcyd, w =
∑
(i,j) 6∈Z(a,b)+Z(c,d)
aijx
iyj + xeyfz (73)
p a 2-point, q a 2-point
u = (xayb)k, v = (xayb)t(α+ z), w =
∑
d 6 |i
aij(x
ayb)izj + xcyd (74)
where d = gcd(k, t).
p a 3-point, q a 2-point
u = xaybzc, v = xdyezf , w =
∑
aijkx
iyjzk + xgyhzi (75)
where the sum is over i, j, k such that
Det
 a b cd e f
i j k
 = 0, (i, j, k) 6∈ Z(a, b, c) + Z(d, e, f).
Definition 5.7. Suppose that f : X → Y is τ-prepared, p ∈ DX and q = f(p) is a
1-point. Let u, v, w be permissible parameters at q. We say that w is weakly good at
p for f if one of the following forms hold:
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1. p is a 1-point,
u = xa, v = y, w =
m∑
j=0
aσj (y)x
σj + xn(z + α)
where α ∈ k, σ0 < σ1 < · · · < σm < n, σi are all nonzero, and a 6 | σ0.
2. p is a 2-point,
u = (xayb)k, v = z, w =
m∑
j=0
aσj (z)(x
ayb)σj + xcyd
where gcd(a, b) = 1, ad − bc 6= 0, σm(a, b) 6> (c, d), σ0 < σ1 < · · · < σm < n,
σi are all nonzero, and k 6 | σ0.
Remark 5.8. Suppose that f ;X → Y is τ-prepared and τf (p) = 0, u, v, w are per-
missible parameters at q = f(p), and w is good (weakly good) at p for f . Then u, v, w
are monomial forms (Definition 3.4) at p.
Remark 5.9. Suppose that f ;X → Y is τ-prepared. Observe that if q is a 1-point,
and u, v, w are permissible parameters at q satisfying the conclusions of Lemma 3.7,
then for all p ∈ f−1(q), there exists a series φp(u, v) such that w − φp(u, v) is good
(weakly good) at p for f .
Lemma 5.10. Suppose that f : X → Y is prepared, q ∈ Y and u, v, w ∈ OY,q are
permissible parameters at q. Suppose that p ∈ f−1(q) and there exists φ(u, v) ∈ OˆY,q
such that w − φ(u, v) is good (weakly good) at p for f .
Suppose that p is an n-point. Then there exists an affine neighborhood V = Spec(S)
of p such that w − φ(u, v) is good (weakly good) at p′ for f for all n-points p′ ∈
f−1(q) ∩ V .
Proof. We will prove this in the case that p and q are 1-points, and a form (70) of
Definition 5.6 holds for u, v, w − φ in OˆX,p. The proof in the other cases is similar.
There exists an affine neighborhood V = spec(S) of p, regular parameters x, y, z ∈
OˆX,p and a finite etale morphism π : V1 = spec(S1) → S such that x, y, z are uni-
formizing parameters on V1, and regular parameters in OV1,p′ for p
′ ∈ π−1(p) such
that
u = xa
v = y
w =
∑
i<n aijx
iyj + xn(γ(x, y, z)z +Ω(x, y))
in OˆV1,p′ = OˆX,p where γ is a unit series, Ω(x, y) is a series.
Let U = Spec(R) be an affine neighborhood of q such that f(V ) ⊂ U .
In OˆX,p,
w − φ(u, v) =
∑
a 6 |i,i<n
aijx
iyj + xn(γz + Ω˜)
where Ω˜(x, y) is a series. We see that
xn divides
∂(w − φ)
∂z
in OˆX,p,
so that
xn divides
∂(w − φ)
∂z
in OX,p ⊗Rq Rˆq
and thus
xn divides
∂(w − φ)
∂z
in OS1,p′ ⊗Rq Rˆq
at all points p′ ∈ π−1(p).
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We also have that
∂n+1(w − φ)
∂z∂xn
(p) 6= 0
which implies
∂n+1(w − φ)
∂z∂xn
(p′) 6= 0
at all p′ ∈ π−1(p).
Finally, we see that
x divides
∂i(w − φ)
∂xi
in OX,p ⊗Rq Rˆq if a divides i and i < n, and thus
x divides
∂i(w − φ)
∂xi
in OS1,p′ ⊗Rq Rˆq at all points p
′ of π−1(p).
Thus there exists a Zariski closed subset C of V1 which is disjoint from π
−1(p) such
that if p ∈ (f ◦ π)−1(q) ∩ (V1 − C), then
xn divides
∂(w − φ)
∂z
in OS1,p ⊗Rq Rˆq (76)
∂n+1(w − φ)
∂z∂xn
is a unit in OS1,p ⊗Rq Rˆq (77)
and
x divides
∂i(w − φ)
∂xi
in OS1,p ⊗Rq Rˆq (78)
if i < n and a divides i.
Let C = π(C). π : Spec(S1)− π
−1(C)→ V −C is finite etale. Let V = spec(S) be
an affine neighborhood of p in V −C, and let π−1(V ) = Spec(S1). After replacing V
with V , S with S, V1 with π
−1(V ) and S1 with S1, we have that (76), (77) and (78)
hold at all p ∈ (f ◦ π)−1(q).
Now consider the expression of u, v, w − φ(u, v) at p ∈ (f ◦ π)−1)(q). There exists
α ∈ k such that x, y, z − α are regular parameters at p. We have
u = xa
v = y
w − φ =
∑
1
i!j!k!
∂i+j+k(w−φ)
∂xi∂yj∂zk
(0, 0, α)xiyj(z − α)k.
(76) implies
∂i+j+k(w − φ)
∂xi∂yj∂zk
(0, 0, α) = 0
if i < n and k ≥ 1, (78) implies
∂i+j(w − φ)
∂xi∂yj
(0, 0, α) = 0
if a divides i and i < n, and (77) implies
∂n+1(w − φ)
∂xn∂z
(0, 0, α) 6= 0.
Thus
w − φ =
∑
i<n,a 6 |i
1
i!j!
∂i+j(w − φ)
∂xi∂yj
(0, 0, α)xiyj + xn(γ′(z − α) + Ω′(x, y))
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where β ∈ k and γ′ is a unit series, so that w − φ is good at p. 
Lemma 5.11. Suppose that f : X → Y is prepared, and C ⊂ Y is an irreducible
curve in the fundamental locus of f such that C contains a 1-point.
Suppose that U ⊂ Y is an affine open subset, with uniformizing parameters u, v, w
such that u, v, w are regular parameters in OY,q for a 1-point q ∈ C ∩ U such that
u = w = 0 are local equations of C. Then for a general point q of C ∩ U , and
appropriate α ∈ k, u, v = v−α,w are permissible parameters at q and for p ∈ f−1(q),
either p is a 1-point and we have a form at p
u = xa
v = y
w =
∑
i<n φi(y)x
i + xn(z + δ)
(79)
with δ ∈ k and φi(0) 6= 0 whenever φi 6= 0, or p is a 2-point with a form at p
u = (xayb)t
v = z
w =
∑
φi(z)(x
ayb)i + xcyd
(80)
with ad− bc 6= 0 and φi(0) 6= 0 whenever φi 6= 0.
Proof. u, v, w are permissible parameters at the 1-point q ∈ C. Suppose p ∈ f−1(q).
Then there exists a Zariski open neighborhood V = V p = Spec(S) of p in X , and an
etale neighborhood W = W p = Spec(S1) of V
p with uniformizing parameters x, y, z
in S1, with induced morphism
π : Spec(S1)→ Spec(k[x, y, z]),
such that x, y, z are regular parameters in OWp,p1 for p1 ∈ π
−1(p), and by Lemma
3.7 and its proof, we have one of the following cases:
Case 1. Suppose that p is a 1-point. Then we have in OˆX,p = Sˆp:
u = xa, v = y, w =
∑
i<n
φi(y)x
i + xn(γz + ψ(x, y)) (81)
where γ is a unit series. In (81), for i < n we have
1
i!
∂iw
∂xi
= φi(y) + xΩ ∈ Sˆp (82)
for some Ω ∈ Sˆp and
∂n+1w
∂xn∂z
(0, 0, 0) 6= 0.
We can choose V p so that for p1 ∈W p ∩DX , with regular parameters
x, y = y − α, z = z − β
in OˆWp,p1 , for i < n we have
∂i+1w
∂z∂xi
(0, α, β) = 0 (83)
and
∂n+1w
∂z∂xn
(0, α, β) 6= 0. (84)
We can choose V p so that for i < n, all irreducible components of x = ∂
iw
∂xi
= 0 in
W p contain (a preimage of) p.
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Case 2. Suppose that p is a 2-point. Then we have in OˆX,p = Sˆp:
u = (xayb)t, v = z, w =
∑
φi(z)(x
ayb)i + xcydγ (85)
with gcd(a, b) = 1, ad− bc 6= 0 and c > ai or d > bi for all i in the series. Further, γ
is a unit series.
We have Ω1,Ω2 ∈ Sˆp = OˆX,p such that
1
j!k!
∂j+kw
∂xj∂yk
=

xΩ1 + yΩ2 if jb− ka 6= 0 and j < c or k < d
φi(z) + xΩ1 + yΩ2 if there exists i such that (j, k) = i(a, b)
and j < c or k < d (86)
There exists Ω1 ∈ OˆX,p such that
1
j!
∂jw
∂xj
=
{
xΩ1 if j < c and there do not exist k, i such that (j, k) = i(a, b)
yibφi(z) + xΩ1 if j < c and there exist k, i such that (j, k) = i(a, b). (87)
There exists Ω1 ∈ OˆX,p such that
1
k!
∂kw
∂yk
=
{
yΩ1 if k < d and there do not exist j, i such that (j, k) = i(a, b)
xiaφi(z) + yΩ1 if k < d and there exist j, i such that (j, k) = i(a, b).
Furthermore,
∂c+dw
∂xc∂yd
(0, 0, 0) 6= 0.
We can choose V p so that
(1) for ai < c or bi < d, all irreducible components of
x = y =
∂i(a+b)w
∂xia∂yib
= 0
in W p contain (a preimage of) p,
(2) for j < c, all irreducible components of
x =
∂jw
∂xj
= 0
in W p contain (a preimage of) p, and
(3) for k < d, all irreducible components of
y =
∂kw
∂yk
= 0
in W p contain (a preimage of) p.
There exist V1 = V
p1 , . . . , Vn = V
pn such that {V1, . . . , Vn} is an affine cover of
f−1(q). We may assume that V1, . . . , Vn is an affine cover of f
−1(U).
Suppose that q ∈ C ∩ U is a general point. Then OY,q has regular parameters
(u, v = v−α,w) for a general α ∈ k. u, v, w are permissible parameters at q. Suppose
that p ∈ f−1(q). p ∈ V p = Vi for some i. We identify p and p with points in π−1(p),
π−1(p).
Suppose that p is a 1-point. There exists β ∈ k such that x, y = y − α, z − β are
regular parameters in OˆX,p. We have an expression
u = xa
v = y = y − α
w =
∑
1
i!j!k!
∂i+j+kw
∂xi∂yj∂zk
(0, α, β)xi(y − α)j(z − β)k
(88)
in OˆX,p.
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By (83) and (84), in (88), we have
w =
∑
i<n
φi(y)x
i + xn(zγ +Ψ(x, y))
where γ is a unit series, and
φi(y) =
∞∑
j=0
1
i!j!
∂i+jw
∂xi∂yj
(0, α, β)yj .
If φi(y) = 0 we have φi(y) = 0.
Suppose that φi(y) 6= 0. We will show that φi(0) 6= 0. If φi(0) 6= 0, then
∂iw
∂xi
does
not vanish on W p ∩DX , so that
φi(0) =
∂iw
∂xi
(p) 6= 0.
Suppose that φi(0) = 0. Further suppose that
φi(0) =
∂iw
∂xi
(p) = 0.
Then there exists an irreducible curve Λ which is a component of x = ∂
iw
∂xi
= 0 in W p
containing p.
By our construction of W p, we may assume that our choice of preimage of p in W p
satisfies p ∈ Λ. Let IΛ be the prime ideal of Λ in S1.
∂iw
∂xi
, x ∈ IΛ ˆ(S1)p implies φi(y) ∈
IΛ ˆ(S1)p. Since IΛ
ˆ(S1)p is reduced, we have y ∈ IΛ
ˆ(S1)p. As (S1)p → Sˆ1 = OˆX,p is
faithfully flat, we have y ∈ IΛ(S1)p.
Since IΛ is a prime ideal and (IΛ)p 6= (S1)p, we have that y ∈ IΛ.
The ideal of p in (S1)p is (x, y − α, z − β).
IΛ(S1)p ⊂ (x, y − α, z − β)
implies y ∈ (x, y−α, z− β) which is impossible since 0 6= α. Thus we have φi(0) 6= 0.
Suppose that p is a 2-point and p is a 2-point. Then there is α ∈ k such that
x, y, z − α are regular parameters in OˆX,p, and we have an expression
u = (xayb)t
v = z = z − α
w =
∑ 1
i!j!k!
∂i+j+kw
∂xi∂yj∂zk
(0, 0, α)xiyj(z − α)k
(89)
in OˆX,p.
We have
∂c+dw
∂xc∂yd
(0, 0, α) 6= 0.
Further if j < c or k < d, jb− ka 6= 0 and l ≥ 0, we have
∂j+k+lw
∂xj∂yk∂zl
(0, 0, α) = 0.
Thus in (89) we have
w =
∑
φi(z)(x
ayb)i + xcydγ, and
where γ is a unit series, the sum is over i such that ai < c or bi < d, and
φi(z) =
∞∑
k=0
1
(ia)!(jb)!k!
∂ia+jb+kw
∂xia∂yib∂zk
(0, 0, α)zk.
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By a similar analysis as for Case 1, we see that if φi(z) = 0 then φi(z) = 0 and if
φi(z) 6= 0, we have φi(0) 6= 0.
Suppose that p is a 2-point and p is a 1-point. Then after possibly interchanging
x and y, there exist α, β ∈ k and regular parameters x, y − β, z − α in OˆX,p with
0 6= α, β.
Set
x = xy
b
a , y = y − β, z = z − α
Then x, y, z are regular parameters in OˆX,p. From the Jacobian of u, v, w we see that
we have an expression
u = xat
v = z
w = P (x, z) + xcΩ
where P and Ω are series, and P has degree < c in x.
We have
x = x(y + β)−
b
a
y = y + β
z = z + α
Further,
∂
∂x
= y−
b
a
∂
∂x
∂
∂y
= − b
a
xy−1 ∂
∂x
+ ∂
∂y
∂
∂z
= ∂
∂z
.
We have an expansion
P =
∑
j<c
φj(z)x
j =
∑
j<c
(
∞∑
k=0
∂j+kw
∂zk∂xj
(p)zk
)
xj
where
∂j+kw
∂zkxj
(p) = β−j
b
a
∂j+kw
∂zk∂xj
(p).
By (87) we have that φj(z) = 0 if there do not exist k, i such that (j, k) = i(a, b).
Suppose that j < c and there exists k, i such that (j, k) = i(a, b) and φj(z) 6= 0.
Suppose that φj(0) = 0. Then
φj(0) = 0 =
∂jw
∂xj
(p) = β−j
b
a
∂jw
∂xj
(p)
implies there exists an irreducible curve Λ which is a component of
x =
∂jw
∂xj
= 0
in W p which contains p and p. Let IΛ be the prime ideal of Λ in S1.
∂jw
∂xj
, x ∈ IΛ(̂S1)p
implies
yibφi(z) ∈ IΛ(̂S1)p.
Since y 6∈ IΛ(̂S1)p, as Λ is not a 2-curve, we have z ∈ IΛ(̂S1)p. Thus z ∈ IΛ(S1)p.
As (IΛ)p 6= (S1)p, we have that z ∈ IΛ, which is a contradiction, since α 6= 0. Thus
φi(0) 6= 0.

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Lemma 5.12. Suppose that f : X → Y is prepared. Then there exists an open
subset V of Y such that V ∩C 6= ∅ for every integral curve C ⊂ DY contained in the
fundamental locus of f which contains a 1-point, and if U = f−1(V ), f = f | U , then
there exists a commutative diagram
U1
f1→ V1
Φ1 ↓ ↓ Ψ1
U
f
→ V
such that Φ1 and Ψ1 are products of blow ups of curves which dominate a curve C
contained in the fundamental locus of f which are possible centers (for the preimage
of DV = DY ∩ V ) and f1 is toroidal.
Proof. By Lemma 5.11, there exists an open set V ⊂ Y such that V ∩C = ∅ if C is a
2-curve or an isolated point contained in the fundamental locus of f , V ∩ C 6= ∅ for
all curves C contained in the fundamental locus of f which contain a 1-point, and if
q ∈ C ∩ V is a 1-point, then there exist permissible parameters u, v, w at q such that
u = w = 0 are local equations of C, and if p1 ∈ f
−1(q), then we have permissible
parameters x, y, z in OˆX,p1 such that p1 is a 1-point:
u = xa
v = y
w =
∑m
j=0 φij (y)x
ij + xn(α+ z)
(90)
where im < n, α ∈ k and all φij (y) are nonzero or p1 is a 2-point:
u = (xayb)t
v = z
w =
∑m
j=0 φij (z)(x
ayb)ij + xcyd
(91)
where ad− bc 6= 0, all φij (y) are nonzero, and ija < c or ijb < d for all j. We further
have that φij (0) 6= 0 for all j.
Let C be the fundamental locus of f : U → V . There exists Φ′1 : U
′
1 → U which
is a product of blow ups of 2-curves (which dominate an irreducible component of C)
such that all local forms (91) at points p ∈ (f ◦Φ′1)
−1(q) for q ∈ C ∩ V are such that
either m = −1 (so that
∑
φij (z)(x
ayb)ij = 0), or (xayb)i0 divides xcyd.
Suppose that q ∈ C. The set of points p ∈ (f ◦ Φ′1)
−1(q) such that ICOU ′
1
is not
invertible is a union of points p such that p has permissible parameters x, y, z of the
form
u = xa, v = y, w = xnz (92)
with n < a or
u = (xayb)t, v = z, w = xcyd (93)
with (at− c)(bt− d) < 0.
Let Ψ1 : V1 → V be the blow up of C (which has local equations u = w = 0 at
q ∈ C).
We can blow up curves above U ′1 which dominate a component of C to obtain
Φ1 : U1 → U ′1 such that there exists a factorization f1 : U1 → V1, and if q ∈ C,
p1 ∈ (f ◦ Φ′1 ◦ Φ1)
−1(q), then an expression (90) or (91) holds.
Suppose that q ∈ C, with permissible parameters u, v, w as above. Let q1 ∈ Ψ
−1
1 (q).
q1 has permissible parameters u1, v1, w1 with q1 a 1-point
u = u1, v = v1, w = u1(w1 + α) (94)
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or q1 a 2-point
u = u1v1, v = w1, w = u1. (95)
Suppose that p1 ∈ f
−1
1 (q1).
Case 1 Suppose that 0 6= α in (94). Then a = i0 and φi0(0) = α (or m = −1, a = n
and α = α) if p1 satisfies (90), t = i0 and φi0 (0) = α if p1 satisfies (91).
We thus have that at p1,
u1 = x
a, v = y, w1 = (φi0 (y)− α) +
m∑
j=1
φij (y)x
ij−i0 + xn−i0(α + z) (96)
of the form (90) or
u1 = (x
ayb)t, v = z, w1 = (φi0 (z)− α) +
m∑
j=1
φij (z)(x
ayb)ij−i0 + xc−i0ayd−i0b.
(97)
of the form of (91).
If f1 is not toroidal at p1, we have that u1 = w1 − (φi0 (v) − α) = 0 are (formal)
local equations of a branch of the fundamental locus of f1 through q1. After possibly
replacing V with an open subset of V , for q ∈ C, q is a general point of a component
of C, so the fundamental locus of f1 through q1 must be the germ of a nonsingular
algebraic curve.
Case 2 Suppose that 0 = α in (94). Then i0 > a or m = −1 and n > a (or m = −1,
n = a and α = 0) in (90), or i0 > t or m = −1, (c, d) > t(a, b) in (91). We have that
u1, v, w1 are permissible parameters at q1 for f1 of the form (90) or (91).
Case 3 (95) holds. Then a > i0 (or m = −1, 0 6= α and n < a) in (90) or t > i0 (or
m = −1 and (c, d) ≤ (at, bt)) in (91).
Suppose that (90) holds and m ≥ 0. We change variables at p1 to get an expression
u =
m˜∑
i=0
φ˜i˜j (y)x˜
i˜j + x˜n−i0+a(z˜ + · · · ), v = y, w = x˜i0
with m˜ < n− i0 + a. As in the proof of Lemma 5.11, φ˜i˜j (0) 6= 0 for all i˜j since q is a
general point of a component of C.
q1 is a 2-point, and we have:
u1 = x˜
i0 , v1 =
m˜∑
j=0
φ˜i˜j (y)x˜
i˜j−i0 + x˜n−2i0+a(z˜ + · · · ), w1 = y. (98)
Note that u1 = v1 = 0 are local equations of the fundamental locus of f1 at q1 if
f1 is not toroidal at p1.
Suppose that (91) and (95) hold and m ≥ 0. We change variables at p1 to have an
expression
u =
m˜∑
j=0
φ˜i˜j (z)(x˜
ay˜b)i˜j + x˜c−i0a+tay˜d−i0b+tb, v = z, w = (x˜ay˜b)i0
with i˜ja < c− i0a+ ta or i˜jb < d− i0b+ tb for all i˜j .
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As in the proof of Lemma 5.11, φ˜i˜j (0) 6= 0 for all i˜j , since q is a general point of a
component of C. q1 is a 2-point and we have
u1 = (x˜
ay˜b)i0 , v1 =
m˜∑
j=0
φ˜i˜j (z)(x˜
ay˜b)i˜j−i0 + x˜c−2i0a+tay˜d−2i0b+tb, w1 = z.
(99)
u1 = v1 = 0 are local equations of the fundamental locus of f1 at q1 if f1 is not
toroidal at p1.
The fundamental locus C1 of f1 : U1 → V1 is a (disjoint) union of nonsingular
curves which dominate components of C. If γ1 is a component of C1 then γ1 consists
of 1-points or γ1 consists of 2-points. We will construct a commutative diagram
U2
f2→ V2
Φ2 ↓ ↓ Ψ2
U1
f1→ V1
(100)
where Ψ2 : V2 → V1 is the blow up of C1.
Suppose that γ1 is a component of C1 and q1 ∈ γ1.
First suppose that γ1 consists of 1-points. Then (90) or (91) holds at all points
p ∈ f
−1
1 (q1). The construction of (100) above points of γ1 is as in the construction of
f1 above.
Suppose that γ1 consists of 2-points. Then there exist permissible parameters
u1, v1, w1 at q1 such that (98) or (99) holds at all p ∈ f
−1
1 (q1), and u1 = v1 = 0 are
local equations of γ1 at q1.
If p ∈ f
−1
1 (q1) is such that IC1OU2,p is not invertible, then we have permissible
parameters x, y, z at p such that
u1 = (x
ayb)t, v1 = x
cyd, w1 = z.
In particular, f1 is toroidal at p.
We now blow up curves 2-curves (above U1) which dominate γ1 and are supported
in the locus where U1 → V1 is torodial to obtain the construction of Φ2 : U2 → U1
above γ1. f2 is toroidal above the torodial locus of f . Let q2 ∈ Ψ
−1
2 (q1). q2 has
permissible parameters u2, v2, w2 defined by one of the following 3 cases.
q2 is a 1-point
u1 = u2, v1 = u2(w2 + α), w1 = v2 (101)
with α 6= 0 or q2 is a 2-point
u1 = u2, v1 = u2v2, w1 = w2 (102)
or q2 is a 2-point
u1 = u2v2, v1 = v2, w1 = w2. (103)
As in the case when q2 is a 1-point, we see that if (101) holds, then all points above
q2 have the form (90) or (91), and that if (102) or (103) holds, then all points p2
above q2 have the form (98) or (99).
We iterate to construct a commutative diagram
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...
...
↓ ↓
Un
fn→ Vn
Φn ↓ ↓ Ψn
Un−1
fn−1
→ Vn−1
↓ ↓
...
...
↓ ↓
U1
f1→ V1
↓ ↓
U
f
→ V
(104)
where each Vr → Vr−1 is the blow up of the fundamental locus Cr−1 of fr−1, which
is a disjoint union of nonsingular curves which dominate components of C.
All points of Un have a form (90), (91), (98) or (99). We continue the construction
as long as fn is not toroidal.
Suppose that (104) does not converge in a toroidal morphism in a finite number of
steps. Then there exists a 0-dimensional valuation ν of k(X) with center on U such
that fn is not toroidal at the center pn of ν on Un for all n. Let qn be the center of
ν on Vn.
Suppose that (90) holds for p = p0. There exists r(1) such that qr(1) has permissible
parameters ur(1), vr(1), wr(1) defined by
u = uer(1), w = u
f
r(1)(wr(1) + φi0(0))
where gcd(e, f) = 1 and e
f
= a
i0
.
The germ of f at p factors through Ψr(1), so we have
ur(1) = x
a
e , wr(1) = (φi0(y)− φi0 (0)) +
m∑
j=1
φij (y)x
ij−i0 + xn−i0(α + z).
Set wr(1) = wr(1) − [φi0 (v)− φi0 (0)].
ur(1), v, wr(1) are (formal) regular parameters at qr(1), and ur(1) = wr(1) = 0 are
equations of the fundamental locus at qr(1). We see that at p = pr(1),
ur(1) = x
a(1), v = y, wr(1) =
m(1)∑
j=0
φ(1)i(1)j (y)x
i(1)j + xn(1)(α+ z)
where a(1) = gcd(a, i0), m(1) = m − 1, n(1) = n − i0, i(1)j = ij+1 − i0 for 0 ≤ j ≤
m(1), φ(1)i(1)j (y) = φij+1 (y).
We iterate to get for k ≤ m + 1, r(k) such that qr(k) has permissible parameters
ur(k), v, wr(k) defined by
ur(k−1) = u
ek
r(k), wr(k−1) = u
fk
r(k)(wr(k) + φ(k − 1)i(k−1)0(0))
where gcd(ek, fk) = 1.
The rational map U → Vr(k) is a morphism at p = pr(k). Set
wr(k) = wr(k) − [φ(k − 1)i(k−1)0 (v)− φ(k − 1)i(k−1)0 (0)].
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We have an expression
ur(k) = x
a(k), v = y, wr(k) =
m(k)∑
j=0
φ(k)i(k)j (y)x
i(k)j + xn(k)(α+ z).
We have (for k ≤ m+1) a(k) = gcd(a, i0, i1, . . . , ik−1), n(k) = n−ik−1, m(k) = m−k,
i(k)j = ij+k − ik−1 for 0 ≤ j ≤ m(k).
We further have
ek
fk
=
a(k − 1)
i(k − 1)0
=
gcd(a, i0, . . . , ik−2)
ik−1 − ik−2
. (105)
ur(k) = wr(k) = 0 are (formal) equations of the fundamental locus at qr(k).
qr(m+1) has permissible parameters ur(m+1), v, wr(m+1) defined by
ur(m+1) = x
a(m+1), v = y, wr(m+1) = x
n(m+1)(α+ z).
The rational map U → Vr(m+1) is a morphism at p. We have
a(m+ 1) = gcd(a, i0, i1, . . . , im)
and n(m+ 1) = n− im.
Finally, we see that there exists r(m+ 2) such that fr(m+2) is toroidal at pr(m+2),
a contradiction.
A similar argument holds if (91) holds at p = p0.
We conclude that (104) converges after a finite number of iterations in a diagram
which satisfies the conclusions of Lemma 5.12.

Definition 5.13. Suppose that f : X → Y is τ-prepared and q ∈ GY (f, τ) is a 1-
point. Then q is perfect for f if the fundamental locus of f through q is a (germ of
a) nonsingular curve γ and if u, v, w are algebraic permissible parameters at q such
that u = w = 0 are local equations of γ at q then there exist finitely many series
φi(u, v) ∈ k[[u, v]] such that
1. u, v, wi = w − φi(u, v) are super parameters at q for all i.
2. For all p ∈ f−1(q), some wi is weakly good for f at p.
Lemma 5.14. Suppose that f : X → Y is τ-prepared. Let V ⊂ GY (f, τ) be the set
of perfect 1-points. Then GY (f, τ)− V is a finite set.
Proof. Suppose that q is a general point of a curve C ⊂ GY (f, τ) (so that q is a
1-point). Let u, v, w be algebraic permissible parameters at q such that u = w = 0
are local equations of C.
In a neighborhood of q, we construct a diagram (104). (104) is finite by the
conclusions of Lemma 5.12.
Suppose that p ∈ f−1(q). At p we have permissible parameters x, y, z ∈ OˆX,p such
that if p is a 1-point:
u = xa
v = y
w =
∑m
j=0 φij (y)x
ij + xn(β + z)
(106)
where β ∈ k, im < n, all φij (y) are non zero, or if p is a 2-point:
u = (xbyc)a
v = z
w =
∑m
j=0 φij (z)(x
byc)ij + xdye
(107)
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where gcd(b, c) = 1, all φij (z) are non zero, im(b, c) 6≥ (d, e). In either case, there
exists a largest l ≤ m such that a | ij if j ≤ l.
If at p there is a form (106), set
φp(u, v) =
∑
j≤l
φij (y)x
ij =
∑
j≤l
φij (v)u
ij
a .
If at p there is a form (107), set
φp(u, v) =
∑
j≤l
φij (z)(x
byc)ij =
∑
j≤l
φij (v)u
ij
a .
In both cases w − φp(u, v) is weakly good for f at p.
By Lemma 5.10, there exist finitely many points p1, . . . , pn ∈ X such that if we set
φi(u, v) = φpi(u, v), then for all p ∈ f
−1(q), some wi = w − φi(u, v) is weakly good
for f at p.
Since the φij are units in OˆX,pi by Lemma 5.12, we see that u, v, wi satisfy 5 or 6
of Definition 5.1 of super parameters at pi.
Let p = pi for some i, with the notation of (106) or (107).
Suppose that p ∈ f−1(q). We must show that u, v, wi are super parameters at p.
At p we have permissible parameters x, y, z ∈ OˆX,p such that if p is a 1-point:
u = xa
v = y
w =
∑m
j=0 φij (y)x
ij + xn(β + z)
(108)
where β ∈ k, im < n, all φij (y) are non zero,
or if p a 2-point:
u = (xbyc)a
v = z
w =
∑m
j=0 φij (z)(x
byc)ij + xdye
(109)
where gcd(b, c) = 1, im(b, c) 6≥ (d, e), all φij (z) are non zero.
We know from Lemma 5.11 that all φij and φij are units in OˆX,p and OˆX,p respec-
tively.
It will follow that wi are super parameters at p after we have proven that if there
exists t with t ≤ min{l,m} and
ij
a
=
ij
a
and φij (0) = φij (0)
for 0 ≤ j ≤ t, then we have equality of power series in u,
φij (v) = φij (v)
for 0 ≤ j ≤ t, and thus equality of series
t∑
j=0
φij (v)u
ij
a =
t∑
j=0
φ
ij
(v)u
ij
a .
We will prove this in the case when p = pi satisfies (106) and p satisfies (108).
The proof of the remaining three cases is similar.
We prove this by induction. First assume that l ≥ 0 and
i0
a
=
i0
a
(110)
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and φi0 (0) = φi0(0).
Let ν be a valuation of k(X) such that the center of ν on X is p, and identifying ν
with an extension of ν to the quotient field of OˆX,p which dominates OˆX,p, we have
ν(w −
k∑
j=0
φij (y)x
ij ) > ν(w −
k−1∑
j=0
φij (y)x
ij )
for 0 ≤ k ≤ m.
Let pn be the center of ν on Un, qn be the center of ν on Vn in the commutative
diagram (104).
With the notation of the proof of Lemma 5.12, we see that the rational map
U → Vr(1) is a morphism at p = pr(1), and f r(1)(p) = qr(1) has permissible parameters
ur(1), v, wr(1) defined by
u = uer(1), w = u
f
r(1)(wr(1) + φi0(0)), wr(1) = wr(1) − [φi0 (v)− φi0 (0)]
(111)
with gcd(e, f) = 1 and e
f
= a
i0
.
ur(1) = wr(1) = 0
are local equations of (a branch of) the fundamental locus of fr(1) : U → Vr(1) at
qr(1). We see from (111), (108) and (110) that U → Vr(1) is a morphism at p = pr(1),
that r(1) = r(1), and f r(1)(p) = qr(1). Further,
ur(1) = wr(1) − [φi0(v)− φi0(0)] = 0
are also (formal) local equations of (a branch of) the fundamental locus of Ur(1) →
Vr(1) at qr(1). Since q is a general point of C, the fundamental locus of Ur(1) → Vr(1)
is a nonsingular curve. Thus
φi0(v) = φi0(v).
(110) implies that
gcd(a, i0) =
a
e
and
gcd(a, i0) =
a
e
.
Suppose that we further have that l ≥ 1, i1
a
= i1
a
and φi1 (0) = φi1(0). Then from
(110) we have
i1 − i0
a
=
i1 − i0
a
.
Thus
gcd(a, i0)
i1 − i0
=
gcd(a, i0)
i1 − i0
.
We have (with the notation of (105) of the proof of Lemma 5.12) that
e2
f2
=
gcd(a, i0)
i1 − i0
,
the rational map U → Xr(2) is a morphism at p = pr(2), and qr(2) = f r(2)(p) has
permissible parameters ur(2), v, wr(2) defined by
ur(1) = u
e2
r(2), vr(1) = vr(2), wr(1) = u
f2
r(2)(wr(2)+φi1(0)), wr(2) = wr(2)−[φi1(v)−φi1 (0)].
We see that f r(2) is a morphism at p, and φi1 (0) = φi1(0) implies that f r(2)(p) =
qr(2).
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We have
ur(2) = wr(2) = wr(2) − [φi1 (v)− φi1(0)] = 0
and
ur(2) = wr(2) − [φi1(v)− φi1(0)] = 0
are local equations of (branches of) the fundamental locus of fr(1) at qr(1). Thus,
since the fundamental locus of fr(1) is nonsingular,
φi1(v) = φi1(v).
Assume that l ≥ 2,
i0
a
=
i0
a
,
i1
a
=
i1
a
and
i2
a
=
i2
a
and φi2 (0) = φi2(0) (as well as φi0 (0) = φi0(0) and φi1 (0) = φi1(0)).
Then
gcd(a, i0, i1)
a
=
gcd(a, i0, i1)
a
.
Now
i2 − i1
a
=
i2 − i1
a
implies
gcd(a, i0, i1)
i2 − i1
=
gcd(a, i0, i1)
i2 − i1
.
The rational map U → Vr(3) is a morphism at p and p, fr(3)(p) = f r(3)(p) = qr(3),
and
φi2 (v) = φi2(v)
since the fundamental locus of fr(3) is nonsingular.
Iterating, we see that if j ≤ t,
ij
a
=
ij
a
and
φij (0) = φij (0)
for j ≤ t, then
gcd(a, i0, . . . , ij−1)
ij − ij−1
=
gcd(a, i0, . . . , ij−1)
ij − ij−1
for j ≤ t and
φij (v) = φij (v)
for j ≤ t.
We have verified that a general point of every one dimensional component of
GY (f, τ) is perfect. Thus the conclusions of the lemma hold.

Definition 5.15. Suppose that f : X → Y is τ-prepared. Let V be the largest open
subset of Y on which the conclusions of Lemma 5.12 hold. Let Θ(Y ) = Θ(f, Y ) be
the set of perfect 1-points in V ∩GY (f, τ).
Remark 5.16. Suppose that f is τ-prepared. Then GY (f, τ)−Θ(f, Y ) is a finite set
by Lemma 5.14, Lemma 5.12 and Lemma 5.10.
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6. Relations
In this section, we suppose that Y is a nonsingular projective 3-fold with toroidal
structure DY , and f : X → Y is a dominant proper morphism of nonsingular 3-folds,
with toroidal structures DY and DX = f
−1(DY ), such that DX contains the singular
locus of f .
Definition 6.1. A quasi-pre-relation R on Y is an association U from a locally closed
subset U(R) ⊂ DY , such that U(R) contains no non trivial open subsets of 2-curves
or 3-points and dim U(R) ≤ 1.
If q ∈ U(R) is a 2-point,
R(q) = (SR(q), (E1)R(q), (E2)R(q), wR(q), uR(q), vR(q), eR(q), aR(q), bR(q), λR(q))
with gcd(aR(q), bR(q), eR(q)) = 1, eR(q) > 1, uR(q), vR(q), wR(q) are (possibly formal)
permissible parameters at q with uR(q), vR(q) ∈ OY,q, 0 6= λR(q) ∈ k.
We will also allow quasi-pre-relations with aR(q) = bR(q) = ∞, eR(q) = 1 and
λR(q) = 1.
If q ∈ U(R) is a 1-point,
R(q) = (SR(q), ER(q), wR(q), uR(q), vR(q), eR(q), aR(q), λR(q))
with gcd(aR(q), eR(q)) = 1, eR(q) > 1, uR(q), vR(q), wR(q) are (possibly formal) per-
missible parameters at q with uR(q), vR(q) ∈ OY,q, 0 6= λR(q) ∈ k.
We will also allow quasi-pre-relations with aR(q) =∞, eR(q) = 1 and λR(q) = 1.
A restriction R′ of a quasi-pre-relation R is the association from a locally closed
subset U(R′) of U(R) such that R′(q) = R(q) for q ∈ U(R′).
Suppose that R is a quasi-pre-relation and q ∈ U(R) is a 2-point. Let
u = uR(q), v = vR(q), w = wR(q), a = aR(q), b = bR(q), e = eR(q), λ = λR(q).
If a, b 6=∞, then R(q) is determined by the expression
we − λuavb. (112)
Depending on the signs of a and b, this expression determines a (formal) germ at q
of an (irreducible) surface singularity
F = FR(q) = 0 (113)
of one of the following forms:
F = we − λuavb = 0
if a, b ≥ 0 and a+ b > 0,
F = weu−a − λvb = 0
if a < 0, b > 0,
F = wev−b − λua = 0
if b < 0, a > 0.
In the remaining case, a, b ≤ 0,
F = weu−av−b − λ
is a unit in OˆY,q and F (q) 6= 0.
If a, b =∞, and q ∈ U(R) is a 2-point, then R(q) is determined by the expression
F = FR(q) = wR(q) = 0. (114)
Suppose that R is a quasi-pre-relation, and q ∈ U(R) is a 1-point. Let
u = uR(q), v = vR(q), w = wR(q), a = aR(q), e = eR(q), λ = λR(q).
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Observe that if a 6=∞, then R(q) is determined by the expression
we − λua. (115)
This expression determines a (formal) germ at q of an (irreducible) surface singularity
F = FR(q) = 0 (116)
of the form
F = we − λua = 0.
if a > 0. In the remaining case, a ≤ 0, so that
F = weu−a − λ
is a unit in OˆY,q and F (q) 6= 0.
If a =∞, and q ∈ U(R) is a 1-point, then R(q) is determined by the expression
F = FR(q) = wR(q) = 0. (117)
A quasi-pre-relation R is resolved if FR(q) is a unit in OˆY,q for all q ∈ U(R) (This
includes the case U(R) = ∅).
Definition 6.2. A subvariety G of Y is an admissible center for a quasi-pre-relation
R on Y if one of the following holds:
1. G is a 2-point.
2. G is a 1-point.
3. G is a 2-curve of Y .
4. G ⊂ DY is a nonsingular curve which contains a 1-point and makes SNCs
with DY . If q ∈ U(R) ∩ G then the (formal) germ of G at q is contained in
the germ wR(q) = 0.
Observe that admissible centers are possible centers.
Suppose that R is a quasi-pre-relation on Y , G is an admissible center for R, and
Ψ : Y1 → Y is the blow up of G.
Let W be the union over q ∈ U(R) of points q1 in Ψ−1(q) such that q1 is on the
strict transform of wR(q) = 0. Assume that this is a locally closed subset of DY1 of
dimension ≤ 1 which contains no 2-curves or 3-points (This condition will always be
satisfied when R is a pre-relation, Definition 6.3). The transform R1 of R on Y1 is
then the quasi-pre-relation on Y1 defined by the condition that U(R
1) =W . For such
q1, R
1(q1) is determined by the following rules:
If q ∈ U(R) ∩G, and
u = uR(q), v = vR(q), w = wR(q),
then G has local equations of one of the following forms at q (corresponding to the
cases of Definition 6.2):
1.,2. u = v = w = 0,
3. u = v = 0,
4. a) q a 2-point, u = w = 0 or v = w = 0
4. b) q a 1-point, u = w = 0.
If q1 ∈ U(R1) ∩Ψ−1(q), then
u1 = uR1(q1), v1 = vR1(q1), w1 = wR1(q1)
are defined, respectively, by
1., 2. u = u1, v = u1(v1 + α), w = u1w1 for some α ∈ k, or u = u1v1, v = v1, w =
v1w1,
3. u = u1, v = u1(v1 + α), w = w1 for some α ∈ k, or u = u1v1, v = v1, w = w1,
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4. a) u = u1, w = u1w1 or v = v1, w = v1w1
4. b) u = u1, v = v1, w = u1w1.
Suppose that q1 ∈ U(R1) ∩Ψ−1(q) and case 1 holds. Suppose that
R(q) = (S,E,w, u, v, e, a, b, λ).
If 0 6= α and a, b 6=∞, we define
aR1(q1) = a+ b− e, bR1(q1) = b, eR1(q1) = e, λR1(q1) = λα
b.
R1(q1) is thus determined by
we1 − λα
bua+b−e1 .
If a, b 6=∞ and
u = u1, v = u1v1, w = u1w1,
we define
aR1(q1) = a+ b− e, bR1(q1) = b, eR1(q1) = e, λR1(q1) = λ.
R1(q1) is determined by w
e
1 − λu
a+b−e
1 v
b
1.
If a, b 6=∞ and
u = u1v1, v = v1, w = v1w1,
we define
aR1(q1) = a, bR1(q1) = a+ b − e, eR1(q1) = e, λR1(q1) = λ.
R1(q1) is determined by w
e
1 − λu
a
1v
a+b−e
1 .
If a = b =∞, we define
aR1(q1) =∞, bR1(q1) =∞, eR1(q1) = 1, λR1(q1) = 1,
and R1(q1) is determined by wR1(q1).
In cases 3 and 4, we define R1(q1) in an analogous way.
Suppose that Ψ1 : Y1 → Y is a sequence of blow ups of admissible centers for (the
transforms of) R, R1 is the transform of R on Y1, q ∈ U(R) and q1 ∈ Ψ
−1
1 (q)∩U(R
1).
Let
u = uR(q), v = vR(q), w = wR(q).
u1 = uR1(q1), v1 = vR1(q1), w1 = wR1(q1).
u and v are related to u1, v1 birationally. That is, k(u, v) = k(u1, v1). We have one
of the following expressions:
u = ua1v
b
1, v = u
c
1v
d
1 , w = u
e
1v
f
1w1 (118)
with ad− bc = ±1,
u = ua1γ1(u1, v1), v = u
b
1γ2(u1, v1), w = u
c
1γ3(u1, v1)w1 (119)
where γ1, γ2, γ3 are unit series,
u = (ua1v
b
1)
tγ1(u1, v1), v1 = (u
a
1v
b
1)
kγ2(u1, v1), w = u
e
1v
f
1 γ3(u1, v1)w1
(120)
where gcd(a, b) = 1, and γ1, γ2, γ3 are unit series.
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Definition 6.3. A quasi-pre-relation R is a pre-relation if there exists a nonsingular
3-fold Y R with toroidal structureDY 1 , a pre-relation R
0 on Y R such that U(R
0) = {q}
is a single point with
R0(q) = (· · · , wR0(q), uR0(q), vR0(q), · · · )
and a sequence of possible blow ups
ΨR : Y = Yn → · · · → Y1 → Y0 = Y R
where each Yi has a quasi-pre-relation R
i which is the restriction of the transform of
Ri−1, and Yi+1 → Yi is an admissible blow up for Ri, and R = Rn.
Definition 6.4. A pre-relation R on Y is algebraic if there exists an open subset V
of Y and a nonsingular irreducible closed surface Ω(R) ⊂ V such that Ω(R) makes
SNCs with DY , U(R) ⊂ Ω(R) and SR(q) is the (formal) germ of Ω(R) at q for all
q ∈ U(R). Further, if q ∈ Ω(R) ∩ DY , then there exist super parameters uR, vR, wR
at q such that wR = 0 is a local equation of Ω(R).
Suppose that R is algebraic, and Ψ : Y1 → Y is an admissible blow up. then after
possibly replacing Ω(R) with an open subset of Ω(R) (containing U(R)), we have that
the transform R1 of R is algebraic, where Ω(R1) is the strict transform of Ω(R) by
Ψ.
Definition 6.5. Suppose that f : X → Y is prepared.
A primitive relation R for f is
1. A pre-relation R on Y .
2. A locally closed subset T (R) ⊂ f−1(U(R)) such that if p ∈ T (R) and f(p) is
a 2-point with
R(f(p)) = (S,E1, E2, w, u, v, e, a, b, λ),
then u, v are toroidal forms at p. If a, b 6= ∞, then there exist permissible
parameters x, y, z at p for u, v, w such that
we = uavbΛ(x, y, z) (121)
where Λ(0, 0, 0) = λ.
If a = b =∞, then u, v, w have a monomial form (Definition 3.4) at p.
If f(p) is a 1-point with
R(f(p)) = (S,E,w, u, v, e, a, λ),
then u, v are toroidal forms at p. If a 6= ∞, then there exist permissible
parameters x, y, z at p for u, v, w such that
we = uaΛ(x, y, z) (122)
where Λ(0, 0, 0) = λ.
If a =∞, then u, v, w have a monomial form (Definition 3.4) at p.
In all cases, we define R(p) = R(f(p)).
A relation R for f is a finite set of pre-relations {Ri} on Y with associated primitive
relations Ri for f such that the sets T (Ri) are pairwise disjoint.
We denote U(R) = ∪iU(Ri) and T (R) = ∪iT (Ri), and define
R(p) = Ri(p)
if p ∈ T (Ri).
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If U(Ri) ∩ U(Rj) 6= ∅, then we further require that YRi = YRj (with the notation
of Definition 6.3) and u(Ri)0(q) = u(Rj)0(q), v(Ri)0(q) = v(Rj)0(q). This implies that
u
Ri(q)
= u
Rj(q)
, v
Ri(q)
= v
Rj(q)
if q ∈ U(Ri) ∩ U(Rj). We will call {Ri} the pre-relations associated to R. We will
say that R is algebraic if each Ri is algebraic and
Ω(Ri) ∩ U(R) = U(Ri) (123)
for all i. We will also denote Ω(Ri) = Ω(Ri). For p ∈ T (Ri) ⊂ T (R), we denote
R(p) =
(
S = SR(p), E1(p), E2(p), w = wR(p), u = uR(p),
v = vR(p), e = eR(p), a = aR(p), b = bR(p), λ = λR(p)
)
if f(p) is a 2-point,
R(p) =
(
S = SR(p), E(p), w = wR(p), u = uR(p),
v = vR(p), e = eR(p), a = aR(p), λ = λR(p)
)
if f(p) is a 1-point.
A relation R is resolved if T (R) = ∅.
Definition 6.6. Suppose that f : X → Y is prepared, R is a relation for f and
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
is a commutative diagram such that
1. Ψ is a product of blow ups which are admissible for all of the pre-relations
Ri associated to R (and their transforms) and Φ is a product of blow ups of
possible centers
2. f1 is prepared.
3. Let R
1
i be the transforms of the Ri on Y1 and let
Ti = {p ∈ X1 | p ∈ Φ
−1(T (Ri)) ∩ f
−1
1 (U(R
1
i ))}.
Suppose that p ∈ Ti then uR1i (f1(p))
, v
R
1
i (f1(p))
are toroidal forms at p.
Then the transform R1 of R for f1 is the relation for f1 defined by
T (R1) = ∪Ti,
R1(p) = R
1
i (f1(p))
for p ∈ Ti.
It is straightforward to verify that R1 satisfies the conditions of Definition 6.5,
substituting from (121), (122) and (118) - (120) into (3.1).
7. Well Prepared Morphisms
Suppose that τ ∈ N and f : X → Y is a dominant, proper, τ -prepared morphism
of nonsingular 3-folds with toroidal structures DY and DX = f
−1(DY ). Further
suppose that the singular locus of f is contained in DX . If R is a relation for f with
associated pre-relations {Ri}, then for p ∈ T (Ri) such that f(p) = q is a 2-point, we
have that
R(p) =
(
Si = SR(p), E1 = ER,1(p), E2 = ER,2(p), wi = wR(p), u = uR(p),
v = vR(p), ei = eR(p), ai = aR(p), bi = bR(p), λi = λR(p)
)
(124)
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which we will abbreviate (as in (112)) as
R(p) = weii − λiu
aivbi , (125)
with ei > 1, if ai, bi 6=∞, or (as in (114))
R(p) = wi (126)
if ai, bi =∞. In this case, u, v, wi have a monomial form (Definition 3.4) at p.
For p ∈ T (Ri) such that f(p) = q is a 1-point, we have that
R(p) =
(
Si = SR(p), E1 = ER,1(p), wi = wR(p), u = uR(p),
v = vR(p), ei = eR(p), ai = aR(p), λi = λR(p)
)
(127)
which we will abbreviate (as in (112)) as
R(p) = weii − λiu
ai , (128)
with ei > 1, if ai 6=∞, or (as in (114))
R(p) = wi (129)
if ai =∞. In this case, u, v, wi have a monomial form (Definition 3.4) at p.
Recall that if p′ ∈ T (R) is such that f(p′) = f(p), then uR(p′) = uR(p) = u and
vR(p′) = vR(p) = v. Let I be an index set for the pre-relations {Ri} associated to R.
Definition 7.1. Suppose that τ ≥ 0. A τ-prepared morphism f : X → Y is pre-τ-
quasi-well prepared with relation R if:
1. T (R) = GX(f, τ) ∩ f−1(U(R))
2. Suppose that p ∈ T (R). Then τ > 0 implies R(p) has a form (125) or (128),
τ = 0 implies R(p) has a form (126) or (129).
3. If q ∈ U(Ri) ∩ U(Rj), then there exists λij(u, v) ∈ k[[u, v]], with
u = u
Ri(q)
= u
Rj(q)
, v = v
Ri(q)
= v
Rj(q)
, wi = wRi(q), wj = wRj(q)
such that
wj = wi + λij(u, v),
and with the notation of Definition 6.5, there exists a series
(λij)
0(u(Rj)0(q), v(Rj)0(q))
such that
w(Rj)0(q) − w(Ri)0(q) = (λij)
0(u(Rj)0(q), v(Rj)0(q)),
and λij(u, v) is obtained from λ
0
ij(u(Rj)0(q), v(Rj)0(q)) from the appropriate
expression (118) - (120).
4. Suppose that q ∈ U(Ri), where Ri is a relation associated to R. Then u =
u
Ri(q)
, v = v
Ri(q)
, wi = wRi(q) are super parameters at q (Definition 5.1).
f is τ-quasi-well prepared with relation R if f is pre-τ-quasi-well prepared with T (R) =
GX(f, τ).
We will allow a τ -prepared morphism without relation (U(R) = ∅) as a type of
pre-τ -quasi-well prepared morphism.
Definition 7.2. f : X → Y is τ-quasi-well prepared with relation R and pre-algebraic
structure if f is τ-quasi-well prepared with relation R and u
Ri(q)
, v
Ri(q)
, w
Ri(q)
∈ OY,q
for all Ri associated to R, and q ∈ U(Ri).
Definition 7.3. f : X → Y is τ-well prepared with relation R if
1. f is τ-quasi-well prepared with relation R and pre-algebraic structure.
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2. The primitive pre-relations {Ri} associated to R are algebraic, and R is al-
gebraic (Definition 6.5).
3. Suppose that q ∈ U(Ri) ∩ U(Rj). Let wi = wRi(q) and wj = wRj(q), u =
u
Ri(q)
= u
Rj(q)
, v = v
Ri(q)
= v
Rj(q)
.
Suppose that q is a 2-point. Then there exists a unit series φij ∈ k[[u, v]]
and aij , bij ∈ N (or φij = 0 with aij = bij = −∞) with
wj = wi + u
aijvbijφij . (130)
Suppose that q is a 1-point. Then there exists a unit series φij ∈ k[[u, v]]
and cij ∈ N (or φij = 0 with cij = −∞) with
wj = wi + u
cijφij . (131)
4. For q ∈ U(R) a 2-point, set Iq = {i ∈ I | q ∈ U(Ri)}. Then the set
{(aij , bij) | i, j ∈ Iq} (132)
from equation (130) is totally ordered.
Definition 7.4. Suppose that f : X → Y is pre-τ-quasi-well prepared, q ∈ Y is a
1-point such that q 6∈ U(R). A curve C ⊂ DY such that q ∈ C is called a resolving
curve for f and R at q if
1. C makes SNCs with DY .
2. C ∩GY (f, τ) ⊂ {q}.
3. If q ∈ C is a 2-point, then there exist super parameters u, v, w at q such that
u = w = 0 are local equations of C at q.
4. If q ∈ C is a 1-point, then there exist permissible parameters u, v, w at q such
that u, v are toroidal forms at p for all p ∈ f−1(q), and u = v = 0 are local
equations of C at q.
Definition 7.5. Suppose that f : X → Y is pre-τ-quasi-well prepared with relation
R.
1. A 2-point q ∈ U(R) is prepared for R.
2. A 1-point or 2-point q ∈ Y such that q 6∈ U(R) is prepared for R if there exist
super parameters u, v, w at q.
3. A 2-curve C ⊂ Y is prepared for R.
4. A 1-point q ∈ U(R) is prepared.
5. A resolving curve C for f and R at a 1-point q 6∈ U(R) is prepared.
If E is a component of DY , Ri is pre-algebraic, and q ∈ U(Ri), we will denote
E · S
Ri
(q) for the Zariski closure in Y of the curve germ u = w
Ri(q)
= 0 at q, where
u = 0 is a local equation of E.
Definition 7.6. Suppose that f : X → Y is τ-well prepared with relation R for f . A
nonsingular curve C ⊂ DY which makes SNCs with DY is prepared for R of type 6 if
1. C = Eα · SRi(qβ) for some component Eα of DY , pre-relation Ri associated
to R and qβ ∈ U(Ri).
2. Ω(Ri) contains C.
3. If C′ = Eγ · SRj (qδ) is such that C
′ ⊂ Ω(Rj), C 6= C
′, and q ∈ C ∩ C′, then
q ∈ U(Ri) ∩ U(Rj) and C′ = Eγ · SRj (q).
4. If j 6= i and C = Eγ · SRj (qδ) then C satisfies 1 and 2 and 3 of this definition
(for Rj). (In this case we have by (123) that U(Rj) ∩ C = U(Ri) ∩ C).
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5. Let
IC = {j ∈ I | C = Eγ · SRj (qδ) for some Rj , Eγ , qδ ∈ U(Rj)}.
Suppose that q ∈ C is a 1-point or a 2-point such that q 6∈ U(R). Then there
exist u, v ∈ OY,q such that for j ∈ IC there exists w˜j ∈ OY,q such that
(a) w˜j = 0 is a local equation of Ω(Rj) and u, v, w˜j are permissible parame-
ters at q such that u = w˜j = 0 are local equations of C at q.
(b) u, v, w˜j are super parameters at q.
(c) If i, j ∈ IC and q is a 1-point, there exist relations
w˜i − w˜j = u
cijφij(u, v)
where φij is a unit series (or φij = 0 and cij = −∞).
(d) If i, j ∈ IC and q is a 2-point (with q 6∈ U(R)) then there exist relations
w˜i − w˜j = u
cijvdijφij(u, v)
where φij is a unit series (or φij = 0 and cij = dij = −∞), and the set
{(cij , dij)} is totally ordered.
If f : X → Y is τ -well prepared with relation R, and Ri is a pre-relation associated
to R, we will feel free to replace Ω(Ri) with an open subset of Ω(Ri) containing U(Ri),
and all curves C = E · S
Ri
(q) such that E is a component of DY , q ∈ U(Ri) and C
is prepared for R of type 6. This convention will allow some simplification of the
statements of the theorems and proofs.
Definition 7.7. f : X → Y is τ-very-well prepared with relation R if
1. f is τ-well prepared with relation R.
2. If E is a component of DY and q ∈ U(Ri)∩E, then C = E · SRi(q) is prepared
for R of type 6 (Definition 7.6).
3. For all Ri associated to R, let
Vi(Y ) =
{
γ = Eα · SRi(qγ) | qγ ∈ U(Ri), Eα is a component of DY
}
.
Then
Fi =
∑
γ∈Vi(Y )
γ
is a SNC divisor on Ω(Ri) whose intersection graph is a forest (its connected
components are trees).
If f : X → Y is τ -very-well prepared, we will feel free to replace Ω(Ri) with an
open neighborhood of Fi in Ω(Ri). This will allow some simplification of the proofs.
Remark 7.8. Suppose that f : X → Y is τ-very well prepared. Then it follows from
Definition 7.7 and (123) that Fi ∩ U(R) = U(Ri) for all Ri associated to R.
Definition 7.9. Suppose that f : X → Y is pre-τ-quasi-well prepared (or τ-well pre-
pared or τ-very-well prepared) with relation R. Let {Ri} be the pre-relations associated
to R. Suppose that G is a point or nonsingular curve in Y which is an admissible
center for all of the Ri. Then G is called a permissible center for R if there exists a
commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
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where Ψ is the blow up of G and Φ is a sequence of blow ups
X1 = Xn → · · · → X1 → X
of nonsingular curves and 3-points γi which are possible centers such that
1. f1 is τ-prepared and the assumptions of Definition 6.6 hold so that the trans-
form R1 of R for f1 is defined.
2.
τf1(p) ≤ τf (φ(p))
for p ∈ DX1 .
3. f1 : X1 → Y1 is pre-τ-quasi-well prepared, (or τ-well prepared or τ-very-well
prepared) with relation R1.
(133) is called a pre-τ -quasi-well prepared (or τ -well prepared or τ -very-well pre-
pared) diagram of R (and Ψ).
Definition 7.10. Suppose that f : X → Y is τ-well prepared (or τ-very-well prepared)
with relation R and C ⊂ Y is prepared for R of type 6. Then C is a ∗-permissible
center for R if there exists a commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
(134)
such that
1. f1 is τ-prepared and the assumptions of Definition 6.6 hold so that the trans-
form R1 of R for f1 is defined.
2.
τf1(p) ≤ τf (φ(p))
for p ∈ DX1 .
3. f1 : X1 → Y1 is pre-τ-well prepared (or τ-very-well prepared).
4. (134) has a factorization
X1 = Xm
f1=fm→ Y m = Y1
↓ ↓
...
...
↓ ↓
X2
f2→ Y 2
Φ2 ↓ ↓ Ψ2
X1
f1→ Y 1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
(135)
where Ψ1 is the blow up of C,
X1
f1→ Y 1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
(136)
is a τ-well prepared diagram of R and Ψ1 of the form (133), each Ψi+1 :
Y i+1 → Y i for i ≥ 1 is the blow up of a 2-point q ∈ Y i which is prepared for
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the transform Ri of R on Xi of type 2 of Definition 7.5, and
Xi+1
fi+1
→ Y i+1
Φi+1 ↓ ↓ Ψi+1
Xi
fi→ Y i
is a τ-well prepared diagram of Ri and Ψi+1 of the form of (133).
5. Suppose that E is the strict transform of Ψ
−1
1 (C) on Y1. then E · R
1
i (q) is
prepared for R1 of type 6 for all primitive relations R
1
i associated to R
1, and
q ∈ U(R1i ) ∩E.
6. Suppose that γ ⊂ Y is a curve which is prepared for R of type 6. Then the
strict transform of γ on Y1 is prepared for R
1 of type 6.
Definition 7.11. Suppose that f : X → Y is pre-τ-quasi-well prepared (or τ-well
prepared or τ-very-well prepared) with relation R. Suppose that
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
(137)
is a commutative diagram such that there is a factorization
X1 = Xm
f1=fm→ Y m = Y1
↓ ↓
...
...
↓ ↓
X2
f2→ Y 2
Φ2 ↓ ↓ Ψ2
X1
f1→ Y 1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
(138)
where each commutative diagram
Xi+1 → Y i+1
Φi+1 ↓ ↓ Ψi+1
X i → Y i
is either of the form (133) or of the form (134). Then (137) is called a pre-τ-quasi-
well prepared (or τ-well prepared or τ-very-well prepared) diagram of R (and Ψ).
8. Construction of τ-well prepared diagrams
Lemma 8.1. Suppose that f : X → Y is pre-τ-quasi-well prepared (or τ-well prepared
or τ-very-well prepared) and C ⊂ Y is a 2-curve. Then C is a permissible center
for R, and there exists a pre-τ-quasi-well-prepared (or τ-well prepared or τ-very-well
prepared) diagram (133) of R and the blow up Ψ : Y1 → Y of C such that Φ is a
product of blow ups of 2-curves. Furthermore,
1. Φ is an isomorphism over f−1(Y − C)
2. Further suppose that f is τ-well prepared. Then
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(a) Let E be the exceptional divisor for Ψ. Suppose that q ∈ U(R
1
i ) ∩ E for
some Ri associated to R. Let γi = SR1i
(q) · E. Then γi = Ψ−1(Ψ(q)) is
a prepared curve for R1 of type 6.
(b) If γ is a prepared curve for R, then the strict transform of γ on Y1 is a
prepared curve for R1.
3. Suppose that q ∈ C, p ∈ f−1(q), p′ ∈ Φ−11 (p), u, v, w are permissible parame-
ters at q such that u = v = 0 are local equations of C, and w is good at p. If
w is not good at p′, then τf1 (p
′) < τf (p).
Proof. This follows from Lemma 5.4 and a straight forward extension of the proofs
of Lemma 5.2 [C5] and Lemma 7.11 [C5]. 3 follows from calculations as will be given
in detail in the proof of 6 of Lemma 8.4. 
The proofs of Remarks 8.2 and 8.3 follow easily from the methods of the proof of
Lemma 8.1.
Remark 8.2. Suppose that f : X → Y is pre-τ-quasi-well prepared (or τ-well
prepared or τ-very-well prepared) and C ⊂ DX is a 2-curve or a 3-point. Let
Φ1 : X1 → X be the blow up of C, f1 = f ◦ Φ1 : X1 → Y . Then
1. f1 is pre-τ-quasi-well prepared (or τ-well prepared or τ-very well prepared).
2. Suppose that p1 ∈ X1, p = Φ1(p1), q = f1(p), u, v, w are permissible parame-
ters at q such that w is good (weakly good) at p for f . If w is not good (weakly
good) at p1 for f , then τf1 (p1) < τf (p).
3. (f ◦ Φ1)
−1(Θ(f, Y )) ⊂ Θ(f1, Y1).
Remark 8.3. The proof of Lemma 8.1 shows that if f : X → Y is pre-τ-quasi-well
prepared (or τ-well prepared or τ-very-well prepared), C ⊂ Y is a 2-curve, Ψ : Y1 → Y
is the blow up of C and Φ : X1 → X is a sequence of blow ups of 2-curves and 3-points
such that the rational map f1 : X1 → Y1 is a morphism, then
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
is pre-τ-quasi-well prepared (or τ-well prepared or τ-very-well prepared) for R and Ψ.
In fact, with the above notation, if f satisfies 1 – 3 of Definition 7.1, then f1 satisfies
1 – 3 of Definition 7.1. Further, 2 and 3 of the conclusions of Lemma 8.1 hold.
Lemma 8.4. Suppose that f : X → Y is pre-τ-quasi-well prepared (or τ-well pre-
pared), q ∈ Y is a 1-point such that q 6∈ U(R), and C ⊂ DY is a resolving curve for
f at q. Then there exists a pre-τ-quasi-well prepared (τ-well prepared) diagram
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
such that
1. Ψ1 is the blow up of C,
2. Φ1 is a sequence of blow ups of 2-curves.
3. τf1 (p1) ≤ τf (Φ1(p1)) for p1 ∈ X1. Thus τf1(p1) < τ if p1 ∈ (Ψ1 ◦ f1)
−1(C −
{q}).
4. Suppose that C1 ⊂ Y1 is a section over C, q ∈ C is a 1-point, u, v, w are
permissible parameters at q such that u = v = 0 are local equations of C, u, v
are toroidal forms at p for all p ∈ f−1(q), and q1 ∈ C1 ∩Ψ
−1
1 (q) is a 1-point.
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Then there exist permissible parameters u1, v1, w at q1 such that u1, v1 are
torodial forms at p1 for all p1 ∈ f
−1
1 (q1), and u1 = v1 = 0 is a local equation
of C1.
5. Suppose that p ∈ f−1(q), p′ ∈ Φ−11 (p), u, v, w are permissible parameters at q
such that u = v = 0 are local equations of C, and w is good at p for f . If w
is not good at p′ for f1, then τf1(p
′) < τf (p).
Proof. Suppose that q ∈ C is a 1-point. Then there exist permissible parameters
u, v, w at q such that u = v = 0 are local equations of C, and if p ∈ f−1(q), then u, v
are toroidal forms at p. Thus there exist permissible parameters x, y, z at p for u, v, w
such that one of the forms (6) or (7) hold.
If q ∈ C is a 2-point, then there exist super parameters u, v, w at q such that
u = w = 0 are local equations of C. Thus if p ∈ f−1(q), then there exist permissible
parameters x, y, z at p for u, v, w such that one of the forms (62) - (65) hold.
By Lemma 3.13 [C5] and Remark 8.2, after blowing up 2-curves and 3-points by
a morphism Φ0 : X0 → X such that if q ∈ C is a 2-point, u, v, w are the above
permissible parameters at q, and p ∈ (f ◦ Φ0)−1(q), then (xayb, xeyf , xgyh) is a
principal ideal if (63) holds at p, ((xayb)k, (xayb)l, xcyd) is principal if (64) holds at
p, (xaybzc, xgyhzi, zjykzl) is principal if (65) holds at p. We further have that f ◦Φ0
is pre-τ -quasi-well prepared (τ -well prepared). In particular,
τf◦Φ0(p) ≤ τf (Φ0(p))
for p ∈ X0.
We now analyze the points p ∈ X0 where ICOX0 is not principal.
First suppose that q ∈ C is a 1-point, p ∈ X0, and f ◦ Φ0(p) = q.
If p is a 1-point then we have an expression
u = xa, v = y
and u = v = 0 are local equations of C. The non principal locus has local equations
x = y = 0
If p is a 2-point then
u = (xayb)k, v = z
and u = v = 0 are local equations of C. The non principal locus has local equations
{x = z = 0} ∪ {y = z = 0}
Now suppose that q ∈ C is a 2-point and f ◦ Φ0(p) = q.
If p is a 1-point of the form (62), then
u = xa
v = xb(α+ y)
w = xcγ(x, y) + xd(z + β).
u = w = 0 are local equations of C. If p is in the non principal locus then we have
(after possibly making a change of variables in z) w = xdz with d < a and x = z = 0
are local equations of the non principal locus.
If p is a 2-point of the form (63), then
u = xayb
v = xcyd
w = xeyfγ(x, y) + xgyh(z + β).
u = w = 0 are local equations of C. If p is in the non principal locus then (after
possibly making a change of variables in z), we have w = xgyhz with (g, h) < (a, b).
Local equations of the non principal locus are x = z = 0 (if g < a, h = b), y = z = 0
(if g = a, h < b) and {x = z = 0} ∪ {y = z = 0} if g < a and h < b.
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If p is a 2-point of the form (64), then
u = (xayb)k
v = (xayb)t(α+ z)
w = (xayb)lγ(xayb, z) + xcyd
u = w = 0 are local equations of C, and p is in the principal locus.
If p is a 3-point, of the form (65), then
u = xaybzc
v = xdyezf
w = xgyhziγ + xjykzl
u = w = 0 are local equations of C, and p is in the principal locus.
We see that the non principal locus of ICOX0 is a union of nonsingular curves
which are possible centers and are not 2-curves.
Let U0 ⊂ X0 be the largest open set on which the rational map f0 = Ψ
−1
1 ◦ f ◦Φ0 :
X0 → Y1 is a morphism. We will now show that f0 : U0 → Y1 is τ -prepared, and
τ
f0
(p) ≤ τf (Φ0(p)) for p ∈ U0.
Suppose that p ∈ U0 ∩ (f ◦Φ0)−1(C). Then (f ◦Φ0)(p) = q is a 2-point, and there
exist super parameters u, v, w at q such that u = w = 0 are local equations of C, and
one of the forms (62) - (65) hold for u, v, w at p. Let q1 = f0(p). We have permissible
parameters u1, v, w1 in OY1,q1 such that either
u = u1, w = u1(w1 + δ)
with δ ∈ k, or
u = u1w1, w = w1.
The most difficult case to analyze is when p is a 3-point, (so that u, v, w satisfy
(65)), τf◦Φ0(p) ≥ 0, and u = u1w1, w = w1. We will work out this case in detail.
Since q is a 2-point, we will then have that
τ
f0
(p) ≤ τf◦Φ0(p) ≤ τf (Φ0(p)) < τ.
In this case q1 is a 3-point.
u = xaybzc, v = xdyezf , w =
∑
i≥0
αix
aiybizci + xgyhzi
with 0 6= αi for all i. Set
γ =
∑
αix
ai−a0ybi−b0zci−c0 + xg−a0yh−a0zi−a0 .
γ ∈ OˆX,p is a unit series, and
w = xa0yb0zc0γ,
with (a0, b0, c0) < (a, b, c).
Suppose that (a, b, c) and (a0, b0, c0) are linearly independent.
After possibly interchanging x, y, z, we may assume that a0b−ab0 6= 0. There exist
λ1, λ2 ∈ Q such that if
x = xγλ1 , y = yγλ2 , (139)
then
w = xa0yb0zc0
u = xaybzc
v = xdyezfγλ
for some 0 6= λ ∈ Q.
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There exists a series P (x, y, z) where the monomials in x, y, z in P with nonzero
coefficients are monomials in xai−a0ybi−b0zci−c0 for i ≥ 0, such that
γλ = P + xg−a0yh−b0zi−c0Ω. (140)
Iterating, by substituting (139) into successive iterations of (140), we see that there
exists a series P (x, y, z), where the monomials in x, y, z in P with nonzero coefficients
are monomials in xai−a0ybi−b0zci−c0 for i ≥ 0 such that
γλ = P + xg−a0yh−b0zi−c0Ω.
Comparing the Jacobian determinants
Det
(
∂(u, v, w)
∂(x, y, z)
)
and
Det
(
∂(w, u, v)
∂(x, y, z)
)
,
we see that Ω is a unit series.
There exist rational numbers β1, β2, β3 such that we can make a formal change of
variables, setting
x˜ = xΩ
β1
, y˜ = yΩ
β2
, z˜ = zΩ
β3
to get an expression
w = x˜a0 y˜b0 c˜c0
u = x˜ay˜bz˜c
v = x˜dy˜ez˜f
(
P (x˜, y˜, z˜) + x˜g−a0 y˜h−b0 z˜i−c0
)
.
Thus
w1 = x˜
a0 y˜b0 c˜c0
u1 = x˜
a−a0 y˜b−b0 z˜c−c0
v = x˜dy˜ez˜f
(
P (x˜, y˜, z˜) + x˜g−a0 y˜h−b0 z˜i−c0
)
.
is an expression of the form of (19).
We see that f0 is prepared at p, and
τ
f0
(p) ≤ ℓ(((a0, b0, c0)Z+ (a− a0, b− b0, c− c0)Z + (d, e, f)Z+
∑
i≥1(ai − a0, bi − b0, ci − c0)Z)
/((a0, b0, c0) + (a− a0, b− b0, c− c0)Z+ (d, e, f)Z))
= ℓ(((a, b, c)Z+ (d, e, f)Z+
∑
i≥0(ai, bi, ci)Z)
/((a, b, c)Z+ (d, e, f)Z+ (a0, b0, c0)Z))
≤ ℓ(((a, b, c)Z+ (d, e, f)Z+
∑
i≥0(ai, bi, ci)Z)
/((a, b, c)Z+ (d, e, f)Z))
= τf◦Φ0(p) ≤ τf (Φ0(p)).
Suppose that (a, b, c) and (a0, b0, c0) are linearly dependent.
Then (d, e, f) and (a0, b0, c0) are linearly independent. After possibly interchanging
x, y, z, we may assume that db0 − ea0 6= 0. There exist λ1, λ2 ∈ Q such that if
x = xγλ1 , y = yγλ2 ,
then
w = xa0yb0zc0
v = xdyezf
u = xaybzcγλ
for some 0 6= λ ∈ Q.
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As in the case when (a, b, c) and (a0, b0, c0) are linearly independent, we can make
a change of variables to get an expression where the monomials in x˜, y˜, z˜ in P˜ with
nonzero coefficients are monomials in x˜ai−a0 y˜b˜i−b0 z˜ci−c0 for i ≥ 0.
w = x˜a0 y˜b0 c˜c0
v = x˜dy˜ez˜f
u = x˜ay˜bz˜c
(
P (x˜, y˜, z˜) + x˜g−a0 y˜h−b0 z˜i−c0
)
.
Thus
w1 = x˜
a0 y˜b0 c˜c0
v = x˜dy˜ez˜f
u1 = x˜
a−a0 y˜b−b0 z˜c−c0
(
P (x˜, y˜, z˜) + x˜g−a0 y˜h−b0 z˜i−c0
)
.
is an expression of the form of (19).
We see that f0 is prepared at p, and
τ
f0
(p) ≤ ℓ(((a0, b0, c0)Z+ (d, e, f)Z+ (a− a0, b− b0, c− c0)Z+
∑
i≥1(ai − a0, bi − b0, ci − c0)Z)
/((a0, b0, c0) + (d, e, f)Z+ (a− a0, b− b0, c− c0)Z))
≤ τf◦Φ0(p) ≤ τf (Φ0(p)).
We conclude that f0 : U0 → Y1 is τ -prepared, and τf0
(p) ≤ τf (Φ0(p)) for p ∈ U0.
Thus f0 is pre-τ -quasi-well prepared (τ -well prepared), as C ∩ U(R) = ∅.
Let Z0 = X0.
We now construct a sequence of morphisms Λi : Zi → Zi−1 which are the blow up
of a possible curve Ci−1 contained in the locus where ICOZi−1 is not invertible.
Let hi : Zi → Y1 be the rational map hi = f0 ◦ Λ1 ◦ · · · ◦ Λi. We will verify by
induction that:
A. For all p1 in the locus where hi is a morphism, hi is τ -prepared and
τhi(p1) ≤ τf (Φ0 ◦ Λ1 ◦ Λ2 ◦ · · · ◦ Λi(p1)).
B. Suppose that p1 ∈ Zi is a point where ICOZi,p1 is not principal. Let p =
Λ1◦· · ·◦Λi(p1), q = f ◦Φ0(p). Then there exist permissible parameters u, v, w
at q, permissible parameters x, y, z in OˆZ0,p for u, v and regular parameters
x1, y1, z1 in OˆZi,p1 such that we have one of the following forms:
1. q a 1-point, p a 1-point, p1 a 1-point. We have an expression
u = xa, v = z, w =
∑
i<n,aij 6=0
aijx
izj + xn(y + β)
in OˆZ0,p, where u = v = 0 are local equations of C.
We have permissible parameters x1, y1, z1 at p1 such that
x = x1, y = y1, z = x
b
1z1
with b < a, and
u = xa1
v = xb1z1
w =
∑
aijx
i+bj
1 z
j
1 + x
n
1 (y1 + β).
(141)
with b < a, where u = v = 0 are local equations of C.
2. q a 1-point, p a 2-point. We have an expression
u = (xayb)k, v = z, w =
∑
i,l≥0
ailz
l(xayb)i + xeyf
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in OˆZ0,p, where the sum is over i, l such that (ia, ib) 6≥ (e, f), af−eb 6= 0
and u = v = 0 are local equations of C.
We have permissible parameters x1, y1, z1 at p1 such that
x = x1, y = y1, z = x
c
1y
d
1z1
with (c, d) < (ak, bk), and
u = (xa1y
b
1)
k
v = xc1y
d
1z1
w =
∑
i,l ailz
l
1x
ai+cl
1 y
bi+dl
1 + x
e
1y
f
1 .
(142)
with (c, d) < (ak, bk), u = v = 0 are local equations of C.
3. q a 2-point, p a 1-point, p1 a 1-point. We have an expression
u = xa1
v = xb1(β + y1)
w = xd1z1
(143)
in OˆZi,pi , with d < a, u = w = 0 a local equation of C
4. q a 2-point, p a 2-point, p1 a 2-point. We have an expression
u = xa1y
b
1
v = xc1y
d
1
w = xg1y
h
1 z1
(144)
with (g, h) < (a, b), u = w = 0 are local equation of C.
We have verified that A and B are true for h0 = f0. Suppose that A and B are
true for hi. We will verify that A and B are true for hi+1.
We may suppose that p1 ∈ Ci (recall that Ci is the curve blown up by Λi+1).
Then Ci has local equations x1 = z1 = 0 if p1 satisfies (141). Ci has local equations
x1 = z1 = 0 (or y1 = z1 = 0) in (142). Ci has local equations x1 = z1 = 0 in (143).
Ci has local equations x1 = z1 = 0 (or y1 = z1 = 0) in (144).
After possibly interchanging x1 and y1, we may assume that x1 = z1 = 0 is a local
equation of Ci.
Suppose that p2 ∈ Λ
−1
i+1(p1). Then OˆZi+1,p2 has regular parameters x2, y2, z2 such
that
x1 = x2, y1 = y2, z1 = x2(z2 + α) (145)
with α ∈ k, or
x1 = x2z2, y1 = y2, z1 = z2. (146)
Suppose that (141) holds. Then
τf◦Φ0(p) = ℓ
[∑
aij 6=0
iZ+ aZ]/aZ
 .
Suppose that (141) and (145) hold. Then
u = xa2
v = xb+12 (z2 + α)
w =
∑
aijx
i+(b+1)j
2 (z2 + α)
j + xn2 (y2 + β).
(147)
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Suppose that a = b + 1 in (147). Then Zi+1 → Y1 is a morphism at p2. Let
q1 = hi+1(p2). There exist permissible parameters u1, v1, w at q1 defined by
u = u1, v = u1(v1 + α).
We have an expression
u1 = x
a
2
v1 = z2
w =
∑
aijx
i+aj
2 (z2 + α)
j + xn2 (y2 + β),
(148)
of type (6) so that hi+1 is prepared at p2. We have by (29) that
τhi+1(p2) ≤ ℓ((aZ+
∑
aij 6=0
[i + a]Z)/aZ) = τf◦Φ0(p) ≤ τf (Φ0(p)).
Suppose that b+ 1 < a and α 6= 0 in (147). Then Zi+1 → Y1 is a morphism at p2.
Let q1 = hi+1(p2). There exist permissible parameters u1, v1, w at q1 defined by
u = u1v1, v = v1.
There exist regular parameters x2, y2, z2 in OˆZi+1,p2 such that
u1 = x
a−b−1
2 (z2 + α)
−1 = xa−b−12
v1 = x
b+1
2 (z2 + α) = x
b+1
2 (z2 + α)
w =
∑
s x
s
2(
∑
i+(b+1)j=s aij(z2 + α)
j) + xn2 (y2 + β)
=
∑
s x
s
2(z2 + α)
s
a
[∑
j aij(z2 + α)
j( a−b−1
a
)
]
+ xn2 (y2 + β).
(149)
of type (2), so that hi+1 is prepared at p2.
We observe that ∑
i+(b+1)j=s
aij(z2 + α)
j 6= 0
if and only if some aij 6= 0 with i+ (b+ 1)j = s. To show this, observe that
xs[
∑
i+(b+1)j=s
aij
( y
xb+1
)j
] =
∑
i+(b+1)j=s
aijx
iyj .
We calculate from (27),
τhi+1(p2) = ℓ([(a− b− 1)Z+ (b+ 1)Z
+
∑
aij 6=0,i+(b+1)j 6≥n
(i+ (b+ 1)j)Z]/[(a− b− 1)Z+ (b+ 1)Z])
≤ ℓ
(
[
∑
aij 6=0
iZ+ aZ+ (b + 1)Z]/[aZ+ (b + 1)Z]
)
≤ τf◦Φ0(p) ≤ τf (Φ0(p))
Suppose that b + 1 < a, 0 = α in (147). Then we are back in the form (141) with
a decrease in a− b.
Suppose that (141) and (146) hold. Then
u = xa2z
a
2
v = xb2z
b+1
2
w =
∑
aijx
i+bj
2 z
i+(b+1)j
2 + x
n
2 z
n
2 (y2 + β).
Zi+1 → Y1 is a morphism at p2. Let q1 = hi+1(p2). There exist permissible
parameters u1, v1, w at q1 defined by
u = u1v1, v = v1.
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We have an expression
u1 = x
a−b
2 z
a−b−1
2
v1 = x
b
2z
b+1
2
w =
∑
aijx
i+bj
2 z
i+(b+1)j
2 + x
n
2 z
n
2 (y2 + β)
(150)
of type (3), so that hi+1 is prepared at p2.
From (21), we have
τhi+1(p2) = ℓ(((a− b, a− b− 1)Z+ (b, b+ 1)Z
+
∑
aij 6=0,(i+bj,i+(b+1)j) 6≥(n,n)
(i+ bj, i+ (b + 1)j)Z)
/((a− b, a− b− 1)Z+ (b, b+ 1)Z))
≤ ℓ(((a, a)Z +
∑
aij 6=0
(i, i)Z)/(a, a)Z)
= τf◦Φ0 (p) ≤ τf (Φ0(p)).
Suppose that (142) holds. Then
τf◦Φ0 (p) = ℓ
(kZ+ ∑
ail 6=0
iZ)/kZ
 .
Suppose that (142) and (145) hold. Then we have
u = (xa2y
b
2)
k
v = xc+12 y
d
2(z2 + α)
w =
∑
i,l ail(z2 + α)
lx
ai+(c+1)l
2 y
bi+dl
2 + x
e
2y
f
2 .
(151)
Suppose that (ak, bk) = (c+1, d) in (151). Then Zi+1 → Y1 is a morphism at p2. Let
q1 = hi+1(p2). There exist permissible parameters u1, v1, w at q1 defined by
u = u1
v = u1(v1 + α).
We have an expression
u1 = (x
a
2y
b
2)
k
v1 = z2
w =
∑
i,l ail(z2 + α)
lx
ai+(c+1)l
2 y
bi+dl
2 + x
e
2y
f
2
=
∑
i,l ail(z2 + α)
l(xa2y
b
2)
i+lk + xe2y
f
2
(152)
of type (7), so that hi+1 is prepared at p2. From (24), we have
τhi+1(p2) ≤ ℓ((kZ+
∑
ail 6=0,(i+lk)(a,b) 6≥(e,f)
(i+ lk)Z/kZ) ≤ τf◦Φ0(p) ≤ τf (Φ0(p)).
Suppose that (ak, bk) > (c + 1, d) and 0 6= α in (151). Then Zi+1 → Y1 is a
morphism at p2. Let q1 = hi+1(p2). There exist permissible parameters u1, v1, w at
q1 defined by
u = u1v1, v = v1.
Suppose that ad − b(c + 1) 6= 0 in (151). Then there exist regular parameters
x2, y2, z2 in OˆZi+1,p2 defined by
x2 = x2(z2 + α)
− bk
h
y2 = y2(z2 + α)
ak
h
z2 = (z2 + α)
ebk−fak
h − α
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with h = adk − (c+ 1)bk and α = α
ebk−fak
h , such that
u1 = x
ak−c−1
2 y
bk−d
2 (z2 + α)
−1 = xak−c−12 y
bk−d
2
v1 = x
c+1
2 y
d
2(z2 + α) = x
c+1
2 y
d
2
w =
∑
i,l ailx
ai+(c+1)l
2 y
bi+dl
2 + x
e
2y
f
2 (z2 + α)
(153)
with 0 6= α ∈ k, which is an expression of type (3), so that hi+1 is prepared at p2.
From (21), we see that
τhi+1(p2) = ℓ((ak − c− 1, bk − d)Z + (c+ 1, d)Z
+
∑
ail 6=0,i(a,b)+l(c+1,d) 6≥(e,f)
[i(a, b) + l(c+ 1, d)]Z]/
[(ak − c− 1, bk − d)Z + (c+ 1, d)Z)
≤ ℓ
[
(k(a, b)Z+
∑
ail 6=0
i(a, b)Z)/k(a, b)Z
]
= ℓ
[
kZ+
∑
ail 6=0
iZ/kZ
]
= τf◦Φ0(p) ≤ τf (Φ0(p)).
(154)
Suppose that ad− b(c+1) = 0 in (151), (and (ak, bk) > (c+1, d), 0 6= α in (151)).
There exist positive integers a, b, t, k such that gcd(a, b) = 1, and
(ak − c− 1, bk − d) = t(a, b), (c+ 1, d) = k(a, b).
From k(a, b) = (t+ k)(a, b) and gcd(a, b) = 1, gcd(a, b) = 1, we see that (a, b) = (a, b)
and t+ k = k.
There exist regular parameters x2, y2, z2 in OˆZi+1,p2 , defined by
x2 = x2(z2 + α)
− f
ht
y2 = y2(z2 + α)
e
ht
z2 = (z2 + α)
1+ k
t − α
where h = fa− eb, α = e1+
k
t , such that
u1 = x
ak−c−1
2 y
bk−d
2 (z2 + α)
−1 = (xa2y
b
2)
t
v1 = x
c+1
2 y
d
2(z2 + α) = (x
a
2y
b
2)
k(z2 + α)
w =
∑
i,l ail(z2 + α)
( t
k
+1)l+ i
k (xa2y
b
2)
i+kl + xe2y
f
2 ,
(155)
which is an expression of type (4), so that hi+1 is prepared at p2.
From (22), we have
τhi+1(p2) = ℓ((tZ+ kZ+
∑
ail 6=0,(i+kl)(a,b) 6≥(e,f)
(lk + i)Z)/(tZ+ kZ))
≤ ℓ((kZ+ kZ+
∑
ail 6=0
iZ)/(kZ+ kZ))
≤ ℓ((kZ+
∑
ail 6=0
iZ)/kZ)
= τf◦Φ0(p) ≤ τf (Φ0(p))
(156)
Suppose that (ak, bk) > (c + 1, d) and 0 = α in (151). Then we are back in the
form (142), with a decrease in (ak − c) + (bk − d).
Suppose that (142) and (146) hold. Then
u = xak2 y
bk
2 z
ak
2
v = xc2y
d
2z
c+1
2
w =
∑
i,l ailx
ai+cl
2 y
bi+dl
2 z
l+ai+cl
2 + x
e
2y
f
2 z
e
2.
(157)
Then Zi+1 → Y1 is a morphism at p2. Let q1 = hi+1(p2). There exist permissible
parameters u1, v1, w at q1 defined by
u = u1v1, v = v1.
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We have an expression
u1 = x
ak−c
2 y
bk−d
2 z
ak−c−1
2
v1 = x
c
2y
d
2z
c+1
2
w =
∑
i,l ailx
ai+cl
2 y
bi+dl
2 z
l+ai+cl
2 + x
e
2y
f
2 z
e
2.
(158)
of type (5), so that hi+1 is prepared at p2. We calculate τhi+1(p2) from (19).
Set
H = ((ak, bk, ak)Z+ (c, d, c+ 1)Z
+
∑
ail 6=0
(ai+ cl, bi+ dl, l + ai+ cl)Z)/
((ak, bk, ak)Z+ (c, d, c+ 1)Z)
∼= ((ak, bk, ak)Z+
∑
ail 6=0
(ai, bi, ai)Z)/(ak, bk, ak)Z).
τhi+1(p2) = ℓ((ak − c, bk − d, ak − c− 1)Z+ (c, d, c+ 1)Z
+
∑
ail 6=0,(ai+cl,bi+dl,l+ai+cl) 6>(e,f,e)
(ai + cl, bi+ dl, l+ ai+ cl)Z)/
((ak − c, bk − d, ak − c− 1)Z+ (c, d, c+ 1)Z))
≤ ℓ (H) .
The homomorphism Z→ Z3 defined by x 7→ (xa, xb, xa) induces an isomorphism
(kZ+
∑
ail 6=0
iZ)/kZ→ H. (159)
Thus τhi+1(p2) ≤ τf◦Φ0(p) ≤ τf (Φ0(p)).
Suppose that (143) and (145) hold. Then
u = xa2
v = xb2(β + y2)
w = xd+12 (z2 + α).
(160)
Suppose that d + 1 = a in (160). Then Zi+1 → Y1 is a morphism at p2. Let
q1 = hi+1(p2). There exist permissible parameters u1, v, w1 at q1 defined by
u = u1, w = u1(w1 + α).
We have an expression
u1 = x
a
2 , v = x
b
2(β + y2), w1 = z2
which is toroidal, so that hi+1 is prepared at p2, and
τhi+1(p2) = −∞ ≤ τf (Φ0(p)).
Suppose that d+ 1 < a and 0 6= α in (160). Then Zi+1 → Y1 is a morphism at p2.
Let q1 = hi+1(p1). There exist permissible parameters u1, v, w1 at q1 defined by
u = u1w1, w = w1,
so that q1 is a 3-point.
There exist regular parameters x2, y2, z2 in OˆZi+1,p2 and 0 6= α, β ∈ k such that
u1 = x
a−d−1
2 (z2 + α)
−1 = xa−d−12
v = xb2(β + y2)
w1 = x
d+1
2 (z2 + α)
which is toroidal, so that hi+1 is prepared at p2, and
τhi+1(p2) = −∞ ≤ τf (Φ0(p)).
Suppose that d + 1 < a and 0 = α in (160). Then we are back in the form (143)
with a decrease in a− d.
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Suppose that (143) and (146) hold. Then
u = xa2z
a
2
v = xb2z
b
2(α+ y2)
w = xd2z
d+1
2 .
Thus Zi+1 → Y1 is a morphism at p2. Let q1 = hi+1(p2). There exist permissible
parameters u1, v, w1 at q1 defined by
u = u1w1, w = w1.
We have a 2-point mapping to a 3-point, and an expression
u1 = x
a−d
2 z
a−d−1
2
v = xb2z
b
2(α+ y2)
w1 = x
d
2z
d+1
2
which is a toroidal form, so that hi+1 is prepared at p2, and
τhi+1(p2) = −∞ ≤ τf (Φ0(p)).
Suppose that (144) and (145) hold. Then
u = xa2y
b
2
v = xc2y
d
2
w = xg+12 y
h
2 (z2 + α).
(161)
Suppose that (a, b) = (g + 1, h) in (161). Then Zi+1 → Y1 is a morphism at p2. Let
q1 = hi+1(p2). There exist permissible parameters u1, v, w1 at q1 defined by
u = u1, w = u1(w1 + α).
We have an expression
u1 = x
a
2y
b
2
v = xc2y
d
2
w1 = z2
which is toroidal, so that hi+1 is prepared at p2, and
τhi+1(p2) = −∞ ≤ τf (Φ0(p)).
Suppose that (g+1, h) < (a, b) and 0 6= α in (161). Then Zi+1 → Y1 is a morphism
at p2. Let q1 = hi+1(p2). There exist permissible parameters u1, v, w1 at q1 defined
by
u = u1w1, w = w1.
We have an expression
u1 = x
a−g−1
2 y
b−h
2 (z2 + α)
−1
v = xc2y
d
2
w1 = x
g+1
2 y
h
2 (z2 + α)
which is toroidal after a change of variable in OˆZi+1,p2 , so that hi+1 is prepared at
p2, and
τhi+1(p2) = −∞ ≤ τf (Φ0(p)).
Suppose that (g + 1, h) < (a, b) and α = 0 in (161). Then we are back in the form
(144), with a decrease in (a− g) + (b− h).
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Suppose that (144) and (146) hold. Then
u = xa2y
b
2z
a
2
v = xc2y
d
2z
c
2
w = xg2y
h
2 z
g+1
2 .
Thus Zi+1 → Y1 is a morphism at p2. Let q1 = hi+1(p2). There exist permissible
parameters u1, v, w1 at q1 defined by
u = u1w1, w = w1.
We have a 3-point mapping to a 3-point, and an expression
u1 = x
a−g
2 y
b−h
2 z
a−g−1
2
v = xc2y
d
2z
c
2
w1 = x
g
2y
h
2 z
g+1
2
which is toroidal, so that hi+1 is prepared at p2, and
τhi+1(p2) = −∞ ≤ τf (Φ0(p)).
We have thus verified A and B for all hi.
Suppose that p ∈ Zi is in the locus Σi where ICOZi is not locally principal. Define
C(p) =

a− b if (141) holds at p
ak − c+ bk − d if (142) holds at p
a− d if (143) holds at p
a− g + b− h if (144) holds at p.
Let
C(Zi) = max{C(p) | p ∈ Σi}.
We have shown in the above analysis that
0 ≤ C(Zi+1) < C(Zi)
if the rational map hi is not a morphism. Thus there exists a finite n such that
f1 = hn, Φ1 = Φ0 ◦ Λ1 ◦ · · · ◦ Λn, X1 = Zn satisfy 1 - 4 of the conclusions of Lemma
8.4.
We now prove 5. If p ∈ f−1(q), then we have permissible parameters x, y, z for
u, v, w in OˆX,p such that there is one of the forms:
p a 1-point
u = xa, v = y, w = g(x, y) + xn(z + β) (162)
or p a 2-point
u = (xayb)k, v = z, w = h(xayb, z) + xcyd. (163)
We further have that u = v = 0 are local equations of C.
Since q1 is a 1-point, at q1 we have permissible parameters u1, v1, w1 defined by
u = u1, v = u1(v1 + α), w = w1
for some α ∈ k. Since C1 is a section over C, there exists a series λ(v1, w) such that
u1 = λ(v1, w1) = 0 are local equations of C1 (in OˆY1,q1), and
k[[u, v, w]]/(u, v)→ k[[u1, v1, w]]/(u1, λ)
is an isomorphism, which implies that λ = (v1 − φ(w))γ where φ is a series and γ is
a unit series in OˆY1,q1 . Set
u1 = u1, v1 = v1 − φ(w).
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u1, v1, w are permissible parameters at q1, and u1 = v1 = 0 are local equations of C1
at q1.
Suppose that p1 ∈ f
−1
1 (q1). First suppose that p = Φ1(p1) has the form (162).
Then OˆX1,p1 has regular parameters x1, y1, z1 with x = x1, y = x
a
1(y1 + α), since
X0 → X is an isomorphism over p. p1 is a 1-point, and substituting into (162), we
have
u1 = x
a
1 , v1 = y1, w = g(x1, x
a
1(y1 + α)) + x
n
1 (z + β)
and thus u1, v1 are toroidal forms at p1.
Now suppose that p = Φ1(p1) has the form (163).
Let
p′ = Λ1 ◦ · · · ◦ Λn(p) ∈ X0.
There exist regular parameters x1, y1, z1 in OˆX1,p′ such that
x = xa1y
b
1, y = x
c
1y
d
1 , z = z1 (164)
or
x = xa1(y1 + α)
b, y = xc1(y1 + α)
d, z = z1 (165)
with 0 6= α ∈ k. If (164) holds, then we have
u = (xa
′
1 y
b′
1 )
k
v = z1
w = h(xa
′
1 y
b′
1 , z) + x
c′
1 y
d′
1
(166)
with 0 6= α ∈ k.
If (165) holds, then we have 0 6= α′ ∈ k and permissible parameters x1, y1, z1 in
OˆX1,p′ such that
u = xa
′k
1
v = z1
w = h(xa
′
1 , z1) + x
b′
1 (y1 + α
′).
(167)
Suppose that a form (166) holds at p′. Then OˆX1,p1 has regular parameters
x2, y2, z2 with
x1 = x2, y1 = y2, z1 = x
a′k
2 y
b′k
2 (z2 + α).
p1 is a 2-point, and substituting into (166), we have
u1 = (x
a′
2 y
b′
2 )
k, v1 = z2, w = h(x
a′
2 y
b′
2 , x
a′k
2 y
b′k
2 (z2 + α)) + x
c′
2 y
d′
2 .
Thus u1, v1 are toroidal forms at p1.
Suppose that a form (167) holds at p′. Then OˆX1,p1 has regular parameters
x2, y2, z2 with
x1 = x2, y1 = y2, z1 = x
a′k
2 (z2 + α).
p1 is a 1-point, and substituting into (167), we have
u1 = x
a′k
2 , v1 = z2, w = h(x
a′
2 , x
a′k
2 (z2 + α)) + x
c′
2 y
d′
2 .
Thus u1, v1 are toroidal forms at p1.
We now prove 6. We may assume that τf1(p
′) = τf (p). There exists a smallest i
such that X1 → Zi+1 is an isomorphism at p′. Let p2 be the image of p′ in Zi+1. Let
p be the image of p2 in Z0.
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If Z0 → X is not an isomorphism at p, then p is a 2-point, and we have permissible
parameters x, y, z at p such that
u = (xayb)k
v = z
w =
∑
i,l≥0 ailz
l(xayb)i + xeyf ,
(168)
where gcd(a, b) = 1 and the sum is over i such that (ia, ib) 6≥ (e, f). Since we are
assuming w is good at p for f , we have ail = 0 if k divides i.
Since Z0 → X is a sequence of blow ups of 2-curves above p, we have regular
parameters x1, y1, z in OˆX0,p such that
x = xa1y
b
1, y = x
c
1y
d
1 (169)
with ad− bc = ±1, (and gcd(aa+ bc, ab+ bd) = 1) or
x = xa1(y1 + α)
b, y = xc1(y1 + α)
d
where a, c ∈ N, b, d ∈ Q, 0 6= α ∈ k are such that
xayb = xaa+cb1 , x
eyf = xae+cf1 (y1 + α). (170)
If either (169) or (170) holds, we see from substitution into (168) that w is good
at p for f ◦ Φ0.
Since q is a 1-point, f0 = Ψ
−1
1 ◦ f ◦Φ0 is not a morphism at p. Let p1 be the image
of p2 in Zi. At p1 we have an expression (141) or (142).
First suppose that (141) holds at p1. Since w is good at p for f ◦ Φ0, we have
aij = 0 if a divides i.
Suppose that (141) holds and at p2 and there is an expression (148).
Suppose that i + aj ∈ aZ for some i. Then i ∈ aZ, and since w is good at p for
f ◦ Φ0, we have that aij = 0. Thus w is good at p2 for hi+1 (and w is good at p′ for
f1).
Suppose that (141) holds and at p2 there is an expression (149).
If w is not good at p2 for hi+1, there exists aij 6= 0 with i + (b + 1)j < n and
i + (b + 1)j ∈ aZ + (b + 1)Z. Thus i ∈ aZ + (b + 1)Z which implies that i is in the
kernel of the surjective projection homomorphism
[
∑
aij 6=0
iZ+ aZ]/aZ]→ [
∑
aij 6=0
iZ+ aZ+ (b+ 1)Z]/[aZ+ (b+ 1)Z].
thus
τf1 (p
′) = τhi+1(p2) < τf◦Φ0(p) ≤ τf (p),
a contradiction.
Suppose that (141) holds and at p2 there is an expression (150).
Suppose that w is not good at p2 for hi+1. Then there exists aij 6= 0 with
(i + bj, i+ (b+ 1)j) 6≥ (n, n)
and
(i+ bj, i+ (b + 1)j) ∈ (a− b, a− b− 1)Z+ (b, b+ 1)Z = (a, a)Z+ (b, b+ 1)Z,
which implies that (i, i) ∈ (a, a)Z+ (b, b+1)Z. Thus i ∈ aZ, a contradiction, and we
conclude that w is good at p2 for hi+1.
Now suppose that (142) holds at p1. Since w is good at p for f ◦Φ0, we have ail = 0
if k divides i.
Suppose that (142) holds and at p2 there is an expression (152). Suppose that
(i+ lk)(a, b) 6≥ (e, f) and i+ lk ∈ kZ. then i ∈ kZ, and since w is good at p for f ◦Φ0,
we have that ail = 0. Thus w is good at p2 for hi+1.
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Suppose that (142) holds and at p2 there is an expression (153). Then by a similar
calculation to the above, (154) is a strict inequality if w is not good at p2 for hi+1.
Suppose that (142) holds and at p2 there is an expression (155). Then (156) is a
strict inequality if w is not good at p2 for hi+1.
Suppose that (142) holds and p2 has an expression (158). The homomorphism
(159) has a nontrivial kernel if w is not good at p2 for hi+1.
In all of these cases, we have a contradiction to our assumption that τf1(p
′) = τf (p).

Lemma 8.5. Suppose that f : X → Y is pre-τ-quasi-well prepared with relation
R, q ∈ Y − U(R) is a 2-point such that q ∈ GY (f, τ), and u, v, w are permissible
parameters at q. Then there exists a pre-τ-quasi-well diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
such that Φ and Ψ are products of blow ups of 2-curves, f1 is pre-τ-quasi-well prepared,
Φ is an isomorphism over f−1(Y − Σ(Y )), and if q1 ∈ Ψ
−1(q) (with permissible
parameters u1, v1, w), then if p1 ∈ f−1(q) is such that τf1(p1) = τ , then there exists
a series φp1(u1, v1) such that w − φp1(u1, v1) is good at p1.
Proof. Let u, v, w be permissible parameters at q. By Lemma 5.5 and Lemma 8.1,
there exist sequences of blow ups of 2-curves Ψ0 : Y0 → Y and Φ0 : X0 → X making
a pre-τ -quasi-well diagram
X0
f0
→ Y0
Φ0 ↓ ↓ Ψ0
X
f
→ Y
such that if q0 ∈ Ψ
−1
0 (q) is a 2-point, then there are permissible parameters (u0, v0, w0)
at q0 such that
u = ua0v
b
0, v = u
c
0, v
d
0
with ad− bc = ±1, and there are no points of the form 2 (b) or 2 (c) of Definition 3.6
for f0 above q0.
We construct an infinite commutative diagram of morphisms
...
...
↓ ↓
Xn
fn
→ Yn
Φn ↓ ↓ Ψn
...
...
Φ2 ↓ ↓ Ψ2
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X0
f0
→ Y0
(171)
as follows. Order the 2-curves of Y0 which intersect Ψ
−1
0 (q), and let Ψ1 : Y1 → Y0 be
the blow up of the 2-curve C of smallest order. Then construct (by Lemma 8.1) a
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pre-τ -quasi-well diagram
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
(172)
where Ψ1 is a product of blow up of 2-curves and Φ1 is an isomorphism above f
−1(Y −
C). Order the 2-curves of Y1 which intersect (Ψ0 ◦ Ψ1)−1(q) so that the 2-curves
contained in the exceptional divisor of Ψ1 have larger order than the order of the
(strict transforms of the) 2-curves of Y0.
Let Ψ2 : Y2 → Y1 be the blow up of the 2-curve C1 on Y1 of smallest order, and
construct a pre-τ -quasi-well diagram
X2
f2
→ Y2
Φ2 ↓ ↓ Ψ2
X1
f1
→ Y1
as in (172). We now iterate to construct (171). Let
Ψn = Ψ0 ◦Ψ1 ◦ · ◦Ψn : Yn → Y,
Φn = Φ0 ◦ Φ1 ◦ · · · ◦ Φn : Xn → X.
For all qn ∈ Ψ
−1
n (q) there exist permissible parameters un, vn, w at qn such that
u = uan(vn + α)
b, v = ucn(vn + α)
d
with ad− bc 6= 0 and α ∈ k. qn is a 2-point if α = 0, and a 1-point if α 6= 0
Suppose that pn ∈ (Ψn ◦ fn)−1(q). We will say that pn is good for qn = fn(pn)
if τfn(pn) < τ or if τfn(pn) = τ and there exists a series φpn(un, vn) such that
w − φpn(un, vn) is good for fn at pn.
We first observe that if pn is good for qn at pn+1 ∈ Φ
−1
n+1(pn), then pn+1 is good
for qn+1. (This follows from 3 of Lemma 8.1).
Let ν be a zero-dimensional valuation of k(X) whose center on Y is q, and let pn
be the center of ν on Xn, qn = fn(pn).
We will show that there exists n0 such that n ≥ n0 implies pn is good for qn.
Once we have established this, it will follow from compactness of the Zariski-
Riemann manifold of X [Z] that there exists n′ such that all p ∈ (Ψn′ ◦ fn′)−1(q) are
good for q′ = fn′(p), so that the conclusions of the theorem hold.
We may identify ν with an extension of ν to the quotient field of OˆY,q which
dominates OˆY,q.
If ν(u) and ν(v) are rationally dependent, then there exists n0 such that qn0 is a
1-point, which implies that pn0 is good (by Remark 5.9), and thus pn is good for all
n ≥ n0.
So we may assume that ν(u) and ν(v) are rationally independent. We then have
that
u = uann v
bn
n , v = u
cn
n v
dn
n
with andn− bncn = ±1 for all n. We thus have (for n >> 0) that qn is a 2-point, and
pn has one of the forms (173) or (174) below:
pn is a 2-point
un = x
a
ny
b
n
vn = x
c
ny
d
n
w = γn + x
e
ny
f
n(zn + β)
(173)
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with
γn =
∑
αiMi,
β, αi ∈ k,
Mi = x
ai
1 y
bi
1 and M
ei
i = u
ki
1 v
li
1
with ki, li, ei ∈ Z, ei > 0 and ai, bi ∈ N, or
pn is a 3-point
un = x
a
ny
b
nz
c
n
vn = x
d
ny
e
nz
f
n
w = γn +N
(174)
with N = xgnn y
hn
n z
in
n , rank(un, vn, N) = 3,
γn =
∑
αiMi,
αi ∈ k,
Mi = x
ai
1 y
bi
1 z
ci
1 and M
ei
i = u
ki
1 v
li
1
with ki, li, ei ∈ Z, ei > 0 and ai, bi, ci ∈ N.
Further, for n >> 0, either all points pn have the form (173) or all pn have the
form (174).
It is shown in the proof of Lemma 5.4 [C5] that if (174) holds, then for n >> 0,
we have ki, li ∈ N for all i, which implies there exists a good form for pn at qn.
Essentially the same argument shows that the same statement holds if (173) holds for
n >> 0. 
Lemma 8.6. Suppose that f : X → Y is pre-τ-quasi-well prepared (or τ-well prepared
or τ-very-well prepared) and q ∈ U(R) is a 2-point (prepared of type 1 in Definition
7.5). Then q is a permissible center for R, and there exists a pre-τ-quasi-well prepared
(or τ-well prepared or τ-very-well prepared) diagram (133) of R and the blow up
Ψ : Y1 → Y of q such that:
1. Φ is an isomorphism over f−1(Y − Σ(Y )).
2. Suppose that f is τ-well prepared. Then
(a) Let E be the exceptional divisor of Ψ. Suppose that q1 ∈ U(R
1
i )∩E. Let
γi = SR1i
(q1) · E. Then γi is a prepared curve for R1 of type 6. Suppose
that q′ ∈ U(R
1
j) ∩ E. Let γj = SR1j
(q′) · E. Then either
(i) γi = γj or
(ii) γi, γj intersect transversally at a 2 point on E (their tangent spaces
have distinct directions at this point and are otherwise disjoint).
(b) If γ is a prepared curve on Y then the strict transform of γ is a prepared
curve on Y1.
The proof of Lemma 8.6 is a straightforward generalization of Lemma 7.13 [C5].
Lemma 8.7. Suppose that f : X → Y is pre-τ-quasi-well prepared (or τ-well prepared
or τ-very-well prepared) with relation R. Suppose that q ∈ Y is a 1-point or a 2-point
such that q 6∈ U(R) and q is prepared of type 2 of Definition 7.5 for R. Then q
is a permissible center for R and there exists a pre-τ-quasi-well prepared (or τ-well
prepared or τ-very-well prepared) diagram (133) of R and the blow up Ψ : Y1 → Y of
q such that:
1. Φ is an isomorphism over f−1(Y − Σ(Y ))
2. Suppose that f is τ-well prepared. If γ is a prepared curve on Y then the
strict transform of γ is a prepared curve on Y1.
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The proof of Lemma 8.7 is a straight forward generalization of Lemma 7.14 [C5]
Lemma 8.8. Suppose that f : X → Y is pre-τ-quasi-well prepared (or τ-well pre-
pared or τ-very-well prepared), q ∈ U(R) is a 1-point (which is prepared of type 4 of
Definition 7.5). Then there exists a pre-τ-quasi-well prepared (or τ-well prepared or
τ-very-well prepared) diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
(175)
where Ψ is the blow up of q such that
1. Φ is a sequence of blow ups of 2-curves over f−1(Y − {q}).
2. Let E be the exceptional divisor of Ψ. Suppose that q1 ∈ U(R
1
i ) ∩ E. Let
γi = SR1i
(q1) ·E. Then γi is a prepared curve for R1 of type 6. Suppose that
q′ ∈ U(R
1
j) ∩ E. Let γj = SR1j
(q′) · E. Then either
(a) γi = γj or
(b) γi, γj intersect transversally at a 2 point on E (their tangent spaces have
distinct directions at this point and are otherwise disjoint).
3. If γ is a prepared curve on Y then the strict transform of γ is a prepared curve
on Y1.
The proof of Lemma 8.8 is a variant of the proof of Lemma 7.13 [C5], keeping in
mind the simpler forms 5 and 6 of Definition 5.1 of super parameters above a 1-point,
and the simpler from (131) of 3 of Definition 7.3 at q.
Lemma 8.9. Suppose that f : X → Y is pre-τ-quasi-well prepared, q ∈ Y is a 1-
point such that q 6∈ U(R), and C ⊂ DY is an integral curve such that q ∈ C. Suppose
that C satisfies 2 and 4 of Definition 7.4 of a resolving curve. Then there exists a
pre-τ-quasi-well prepared diagram
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
such that
1. Ψ1 is a product of blow ups of 2-curves and 2-points, Φ1 is a product of possible
blow ups, Φ1 is an isomorphism over f
−1(Y − Σ(Y )).
2. Let C be the strict transform of C on Y1. Then C is a resolving curve for f1
and R1 at q.
Proof. There exists a sequence of blow ups of 2-curves Ψ1 : Y1 → Y such that the
strict transform C1 of C on Y1 contains no 3-points. Let
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
(176)
be the pre-τ -quasi-well prepared diagram obtained by iterating the construction of
Lemma 8.1.
Now by Lemma 8.1 and Lemma 5.6 [C5], there exists a pre-τ -quasi-well prepared
diagram
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X2
f2
→ Y2
Φ2 ↓ ↓ Ψ2
X1
f1
→ Y1
(177)
obtained by iterating the construction of Lemma 8.1 such that Ψ2 and Ψ2 are products
of blow ups of 2-curves, and for all 2-points q on the strict transform C2 of C on Y2,
there exist super parameters u, v, w at q.
Let Ψ3 : Y3 → Y2 be the blow up of the 2-points on C2. By Lemma 8.7, there
exists a pre-τ -quasi-well prepared diagram
X3
f3
→ Y3
Φ3 ↓ ↓ Ψ3
X2
f2
→ Y2.
(178)
By iterating the above construction, (and by embedded resolution of plane curve
singularities, c.f. Section 3.4, Exercise 3.13 [C6]) we eventually construct a pre-τ -
quasi-well prepared diagram
X ′
f ′
→ Y ′
Φ′ ↓ ↓ Ψ′
X
f
→ Y
such that the strict transform C′ of C on Y ′ is nonsingular and makes SNCs with DY ′ .
If q ∈ C′ is a 2-point, let u, v, w be permissible parameters at q such that u = w = 0
are local equations of C′.
By Lemma 8.1 and Lemma 5.6 [C5], there exists a pre-τ -quasi-well prepared dia-
gram
X ′′
f ′′
→ Y ′′
Φ′′ ↓ ↓ Ψ′′
X ′
f ′
→ Y ′
such that 3 of Definition 7.4 holds for the strict transform of C on Y ′′. Thus the
conclusions of the lemma hold. 
Lemma 8.10. Suppose that f : X → Y is τ-very-well prepared and C ⊂ Y is a
prepared curve of type 6 (of Definition 7.6). Further suppose that qδ ∈ C ∩U(Rj) for
some Rj associated to R implies C = E · SRj (qδ) for some component E of DX . Then
C is a *-permissible center for R, and there exists a τ-very-well prepared diagram
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
of R of the form of (134).
The proof of Lemma 8.10 is a straight forward generalization of Lemma 7.15 [C5]
Remark 8.11. 1. Suppose that f : X → Y is pre-τ-quasi-well prepared and
C ⊂ DY is a nonsingular (integral) curve which makes SNCs with DY and
contains a 1-point such that
(a) q ∈ C ∩ U(Ri) for some pre-relation Ri associated to R implies the
(formal) germ of C at q is contained in S
Ri
(q), and
(b) q ∈ C −U(R) implies there exist super parameters u, v, w at q such that
u = w = 0 are local equations of C at q.
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Then there exists a pre-τ-quasi-well prepared diagram
X1
f1→ Y 1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
where Ψ1 is the blow up of C.
2. Further suppose that f : X → Y is τ-well prepared, and if γ = E · Rk(qα) is
prepared for R of type 6, then either C = γ or q ∈ C ∩ γ implies q ∈ U(Rk)
and the germ of C at q is contained in SRk(q). Then there exists a τ-well
prepared diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
where Ψ is the blow up Ψ1 of C, possibly followed by blow ups of 2-points
which are prepared for the transform of R (of type 2 of Definition 7.5) if C
is prepared of type 6 for R, such that
(a) If γ ⊂ Y is prepared for f , (and γ 6= C) then the strict transform of γ is
prepared for f1.
(b) If C ⊂ Y is prepared for f (of type 6) and q ∈ U(Ri) ∩ C for some i,
then E · S
R
1
i
(q′) is prepared for f1 (of type 6) for all q
′ ∈ E ∩ U(R
1
i ),
where E is the component of DY1 dominating C.
The proof of Remark 8.11 is a straight forward generalization of Lemma 7.15 [C5]
and Remark 7.16 [C5]
9. Construction of a τ-very well prepared morphism
Suppose that f : X → Y is a dominant, proper morphism of nonsingular 3-folds,
with toroidal structures DY and DX = f
−1(DY ).
Theorem 9.1. Suppose that τ ≥ 0, f : X → Y is τ-prepared, q ∈ Y is a 1-point or a
2-point, and u, v, w are permissible parameters at q such that u, v are toroidal forms
at p for all p ∈ f−1(q) and u, v ∈ OY,q. Then there exists an affine neighborhood V
of q in Y and a commutative diagram
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
f−1(V )
f
→ V
(179)
such that u = v = 0 are local equations of a nonsingular curve γ0 in V , Ψ1 is a
product of possible blow ups of 2-curves and resolving curves which are sections over
γ0, Φ1 is a product of possible blow ups, f1 is τ-prepared, τf1(p1) ≤ τf (Φ1(p1)) for
p1 ∈ X1, and there exist permissible parameters uq′ , vq′ , w at all q′ ∈ Ψ
−1
1 (q) such
that u, v are related to uq′ , vq′ birationally and uq′ , vq′ , w are super parameters at q
′.
Proof. Let V be an affine neighborhood of q on which u, v, w are uniformizing param-
eters and the intersection of the fundamental locus of f with the curve u = v = 0
on V is {q}. Let W = f−1(V ) and f = f | W . We have a smooth morphism
π0 : V → S0 = spec(k[u, v]). Give S0 the toroidal structure
DS0 =
{
uv = 0 if q is a 2-point
u = 0 if q is a 1-point.
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Let q = π0(q). The morphism π0 ◦ f : W → S0 is toroidal with respect to DS0 and
(π0 ◦ f)−1(DS0). We construct a commutative diagram
...
...
...
Wn
fn→ Vn
pin→ Sn
Φn ↓ Ψn ↓ Λn ↓
...
...
...
Φ2 ↓ Ψ2 ↓ Λ2 ↓
W1
f1→ V1
pi1→ S1
Φ1 ↓ Ψ1 ↓ Λ1 ↓
W
f
→ V
pi0→ S0.
(180)
Here Λ1 : S1 → S0 is the blow up of q, Ψ1 is the blow up of γ0 = π
−1
0 (q), which is
the curve with equations u = v = 0 in V . If q is a 1-point then γ0 is a resolving curve
for f at q. Φ1 is the morphism of Lemma 8.1 (if q is a 2-point) or Lemma 8.4 (if q is
a 1-point). π1 ◦ f1 :W1 → S1 is toroidal.
Suppose that q1 ∈ Λ
−1
1 (q). Then OS1,q1 has regular parameters u1, v1 defined by
u = u1, v = u1(v1 + α) (181)
for some α ∈ k, or
u = u1v1, v = v1. (182)
Λ2 : S2 → S1 is the blow up of all points q1 above q such that there exists a point
q1 in π
−1
1 (q1) such that u1, v1, w are not super parameters at q1. Ψ2 : V2 → V1 is the
blow up of the (disjoint) curves γ1 = π
−1
1 (q1), and Φ2 :W2 →W1 is the morphism of
Lemma 8.1 or Lemma 8.4. π2 ◦ f2 :W2 → S2 is toroidal.
We continue in this way to construct (180) as long as fn : Wn → Vn does not
satisfy the conclusions of the theorem.
Suppose that the algorithm never ends.
Let ν be a 0-dimensional valuation of k(X) whose center on Y is q, and let pi be
the center of ν on Wi, qi the center of ν on Vi. Let qi = πi(qi). We may suppose
that Ψi is not an isomorphism at the center of ν for all i. There exist permissible
parameters ui, vi, wi at qi for all i such that ui, vi are regular parameters in OSi,qi ,
obtained by iteration of (181) and (182), as determined by ν. We will show that there
exists j0 such that uj , vj , w are super parameters at pj for all j ≥ j0. If ui, vi, w are
super parameters at pi for some i, we have that uj, vj , w are super parameters at pj
for all j ≥ i. Suppose that ui, vi, w are not super parameters at pi for all i.
We may identify ν with an extension of ν to the quotient field of OˆX,p which
dominates OˆX,p.
There exist permissible parameters xi, yi, zi in OˆWi,pi such that we have one of the
following forms:
pi a 1-point, qi (and qi) a 1-point
ui = x
ai
i , vi = yi (183)
or pi a 2-point, qi (and qi) a 1-point
ui = (x
ai
i y
bi
i )
k, vi = zi (184)
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pi a 1-point, qi (and qi) a 2-point
ui = x
ai
i , vi = x
bi
i (yi + αi) (185)
with 0 6= αi or pi a 2-point, qi (and qi) a 2-point
ui = x
ai
i y
bi
i , vi = x
ci
i y
di
i (186)
pi a 2-point, qi (and qi) a 2-point
ui = (x
ai
i y
bi
i )
ki , vi = (x
ai
i y
bi
i )
ti(zi + αi) (187)
with αi 6= 0 or pi a 3-point, qi (and qi) a 2-point
ui = x
ai
i y
bi
i z
ci
i , vi = x
di
i y
ei
i z
fi
i (188)
Suppose that f ∈ OˆS0,q. Then (by embedded resolution of plane curve singularities,
c.f. Section 3.4, Exercise 3.13 [C6]) there exists an n0 such that uvf = 0 is a SNC
divisor in OˆSn,qn for all n ≥ n0.
We further have that if g ∈ OˆW,p is a fractional series in u and v, then g ∈ OˆWn,pn
is a fractional series in un and vn.
First suppose that qi is a 2-point for all i. Then ν(u) and ν(v) are rationally
independent, and we have that (186) or (188) hold for all i.
We either have that pi is a 3-point for all i (and a form (188) holds for all i) or
some pi is a 2-point, and thus (186) holds for all i sufficiently large.
If pi is a 3-point for all i, it follows from Lemma 5.6 [C5] that ui, vi, w are super
parameters at pi for i >> 0, a contradiction.
Suppose that pi is a 2-point for some i. We may then assume that pi is a 2-point
for all i, and (186) holds for all i.
We have an expression
u = xayb
v = xcyd
w = f1(x, y) + x
lymz
in OˆW,p. There exists n ∈ N and a, b ∈ Z such that
xn = uavb, yn = ucvd.
ν(uavb) = ν(xn) > 0, ν(ucvd) = ν(yn) > 0 imply that for i >> 0,
uavb = uaii v
bi
i , u
cvd = ucii v
di
i
with ai, bi, ci, di ∈ N.
We have
ui = x
ai
i y
bi
i
vi = x
ci
i y
di
i
w = f1(x, y) + (x
ei
i y
fi
i )
l(xgii y
hi
i )
mz.
f1(x, y) = f1((u
avb)
1
n , (ucvd)
1
n ) = g1(u
1
n
i , v
1
n
i ) ∈ k[[u
1
n
i , v
1
n
i ]].
Let ω ∈ k be a primitive n-th of unity. Set
f =
n∏
i,j=1
g1(ω
iu
1
n
i , ω
jv
1
n
i ) ∈ k[[ui, vi]].
Recall that for i ≥ n0, fuv = 0 is a SNC divisor in OˆSi,qi . Since qi is a 2-point for
all i,
fuv = uai v
b
i γ
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where γ is a unit series in OˆSi,qi . As g1 | f in OˆWi,pi , we have that ui, vi, w are super
parameters at pi.
The final case is when qi is a 1-point for some i.
Suppose that qi is a 1-point for some i. Without loss of generality, we may assume
that qi = q and pi = p.
If p is a 1-point (and q is a 1-point), we have permissible parameters x, y, z in OˆW,p
such that
u = xa, v = y, w = f1(x, y) + x
rz
of the form (183).
Set
f =
a∏
i=1
f1(ω
iu
1
a , v) ∈ k[[u, v]]
where ω ∈ k is a primitive a-th root of unity.
If p is a 2-point (and q is a 1-point), we have permissible parameters x, y, z ∈ OˆW,p
such that
u = (xayb)k, v = z, w = f1(x
ayb, z) + xcyd
of the form (184). Set
f =
a∏
i=1
f1(ω
iu
1
k , v) ∈ k[[u, v]]
where ω ∈ k is a primitive k-th root of unity.
Recall that fuv = 0 is a SNC divisor in OˆSi,qi for i ≥ n0.
We will now show that if i ≥ n0 and qi is a 2-point, then ui, vi, w are super
parameters at qi. In these cases qi is a 2-point, uivi = 0 is a local equation of DVi and
u = 0 is a local equation of DVi . Thus fuv = u
m
i v
n
i γ, where m,n > 0 and γ ∈ OˆSi,qi
is a unit series. Since f1 | f in OˆXi,pi , and f1 is a fractional series in ui and vi, we
have the desired conclusion.
We have reduced to the case where qi is a 1-point for all i.
Since fuv = 0 is a SNC divisor for i ≥ n0, the only cases where ui, vi, w are not
super parameters at pi are if ui, vi satisfy (183) at pi, and
ui = x
a
i , vi = yi, w = x
s
i (yi − φ(x
a
i ))
rγ(xi, yi) + x
c
i (zi + α) (189)
where γ is a unit series, α ∈ k, or pi satisfies (184), and
ui = (x
a
i y
b
i )
k, vi = zi, w = (x
a
i y
b
i )
s(z1 − φ((x
a
i y
b
i )
k))rγ(xai y
b
i , zi) + x
c
iy
d
i
(190)
where gcd(a, b) = 1, ord φ > 0 and γ is a unit series.
We consider the case when (190) holds at pi. The case (189) is similar.
By the constructions of Lemma 8.1 and Lemma 8.4, we have a factorization of
Wi+1 →Wi, by monoidal transforms
Wi+1 = Zm
Ωm→ Zm−1
Ωm−1
→ · · ·
Ω2→ Z1
Ω1→ Z0 =Wi
Let aj be the center of ν on Zj. We may assume that each morphism Zl → Zl−1 is
not an isomorphism at the center of ν.
If aj < m, we have permissible parameters xij , yij , zij in OˆZj ,aj such that aj is a
2-point and
ui = (x
a
ijy
b
ij)
k,
vi = zijx
ei
ijy
fi
ij ,
w = (xaijy
b
ij)
s(zijx
ei
ijy
fi
ij − φ((x
a
ijy
b
ij)
k)rγ(xaijy
b
ij , zijx
ei
ijy
fi
ij ) + x
c
ijy
d
ij
(191)
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with (ei, fi) < (ak, bk).
After possibly interchanging xij and yij , we have that ei < ak and there are regular
parameters xi,j+1, yi,j+1, zi,j+1 in OˆZj+1,aj+1 defined by
xij = xi,j+1, zij = xi,j+1(zi,j+1 + α). (192)
or
xij = xi,j+1zi,j+1, zij = zi,j+1. (193)
Suppose that (192) holds. Then
ui = (x
a
i,j+1y
b
i,j+1)
k
vi = (zi,j+1 + α)x
ei+1
i,j+1y
fi
i,j+1
w = (xai,j+1y
b
i,j+1)
s[xei+1i,j+1y
fi
i,j+1(zi,j+1 + α)− φ((x
a
i,j+1y
b
i,j+1)
k)]r
γ(xai,j+1y
b
i,j+1, x
ei+1
i,j+1y
fi
i,j+1(zi,j+1 + α)) + x
c
i,j+1y
d
i,j+1.
(194)
Suppose that 0 6= α, (ei + 1, fi) < (ak, bk) and afi − b(ei + 1) 6= 0 in (194). Then
the rational map Zj+1 → Vi+1 is a morphism near aj+1 = pi+1.
We make a change of variables, to get permissible parameters x, y, z ∈ OˆWi+1,pi+1
and 0 6= β ∈ k such that
ui+1 =
ui
vi
= x
ak−(ei+1)
i,j+1 y
bk−fi
i,j+1 (zi,j+1 + α)
−1 = xak−(ei+1)ybk−fi
vi+1 = vi = (zi,j+1 + α)x
ei+1
i,j+1y
fi
i,j+1 = x
ei+1yfi
w = (xayb)s[xei+1yfi − φ((xayb)k)]rγ(xayb, xei+1yfi) + xcyd(z + β)
= xas+r(ei+1)ybs+rfi(1− φ((x
ayb)k)
xei+1yfi
)rγ(xayb, xei+1yfi) + xcyd(z + β)
and ui+1, vi+1, w are super parameters at pi+1.
Suppose that (192) holds, 0 6= α, (ei + 1, fi) < (ak, bk) and (ei + 1, fi) = ti(a, b)
for some integer ti. Then we make a change of variable to get permissible parameters
x, y, z ∈ OˆWi+1,pi+1 such that
ui+1 =
ui
vi
= (xayb)k−ti
vi+1 = vi = (x
ayb)ti(z + α)
w = (xayb)s(z + α)
s
k [(xayb)ti(α+ z)− φ((xayb)k(z + α))]r
γ(xayb(z + α)
1
k , (xayb)ti)(z + α)) + xcyd
= (xayb)s+tir(z + α)
s
k (α+ z − φ((x
ayb)k(z+α))
(xayb)ti
)r
γ(xayb(z + α)
1
k , (xayb)ti(z + α)) + xcyd
as ti < k, and ui+1, vi+1, w are thus super parameters at pi+1.
Suppose that (192) holds, and (ei + 1, fi) = (ak, bk). Then the rational map
Zj+1 → Vi+1 is a morphism near aj+1 = pi+1, and the 1-point qi+1 has permissible
parameters defined by
ui = ui+1, vi = ui+1(vi+1 + α).
Substituting into (194), we see that
ui+1 = (x
a
i,j+1y
b
i,j+1)
k
vi+1 = zi,j+1
w = (xai,j+1y
b
i,j+1)
s+kr [zi,j+1 + α−
φ((xai,j+1y
b
i,j+1)
k)
(xa
i,j+1
yb
i,j+1
)k
]rγ + xci,j+1y
d
i,j+1.
Thus ui+1, vi+1, w are super parameters at pi+1, or we have a form (190), with
(c− as, d− bs) > (c− (a(s+ kr), d− b(s+ kr)). (195)
In fact, (c− (a(s+ kr), d− b(s+ kr)) must decrease from (c− as, d− bs) by at least
(1, 1).
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If we have (192) with (ei + 1, fi) < (ak, bk) with α = 0, then (194) is back in the
form (191) (with a decrease in (ak − ei) + (bk − fi).
Suppose that (193) holds. The rational map Zj+1 → Vi+1 is a morphism near
aj+1 = pi+1, and the 2-point qi+1 has permissible parameters defined by ui =
ui+1vi+1, vi = vi+1. Substituting into (191), we have
ui+1 = x
ak−ei
i,j+1 y
bk−fi
i,j+1 z
ak−ei−1
i,j+1
vi+1 = x
ei
i,j+1y
fi
i,j+1z
ei+1
i,j+1
w = (xai,j+1y
b
i,j+1z
a
i,j+1)
s(xeii,j+1y
fi
i,j+1z
ei+1
i,j+1 − φ((x
a
i,j+1y
b
i,j+1z
a
i,j+1)
k))rγ
+xci,j+1y
d
i,j+1z
c
i,j+1
= (xai,j+1y
b
i,j+1z
a
i,j+1)
s(xeii,j+1y
fi
i,j+1z
ei+1
i,j+1)
r(1−
φ((xai,j+1y
b
i,j+1z
a
i,j+1)
k)
x
ei
i,j+1
y
fi
i,j+1
z
ei+1
i,j+1
)rγ
+xci,j+1y
d
i,j+1z
c
i,j+1
Thus ui+1, vi+1, w are super parameters at the 3-point pi+1.
We thus have that ui, vi, w are super parameters at pi for i >> 0 unless each pi
has a form (190), and by (195) we eventually get
(c− as, d− bs) < (0, 0).
We thus have that w = xciy
d
i γ where γ is a unit series. Thus ui, vi, w are super
parameters at pi.
We have shown that for any 0-dimensional valuation ν of k(X) whose center is q
on Y , there exists j1 such that uj , vj , w are super parameters at pj for j ≥ j1. By
compactness of the Zariski Riemann manifold [Z], it follows that the sequence (180)
must terminate after a finite number of steps, in Wn → Vn satisfying the conclusions
of the theorem.

Theorem 9.2. Suppose that τ ≥ 0, f : X → Y is pre-τ-quasi-well prepared (or τ-well
prepared) with relation R, and C ⊂ Y is a reduced (but possibly not irreducible) curve
consisting of components of the fundamental locus of f which contain a 1-point of Y .
Then there exist sequences of possible blow ups Φ1 : X1 → X and Ψ1 : Y1 → Y such
that there is a commutative diagram
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
(196)
satisfying
1.
τf1(p1) ≤ τf (Φ1(p1))
for p1 ∈ DX1 .
2. f1 is pre-τ-quasi-well prepared with respect to a relation R
1.
3. Φ−11 (T (R)) ∩GX1(f1, τ) ⊂ T (R
1).
4. If f is τ-quasi-well prepared (τ-well prepared) then (196) is a τ-quasi-well
prepared (τ-well prepared) diagram.
5. The strict transform C of C on Y1 is nonsingular and makes SNCs with DY1 .
6. If Cj is an irreducible component of C and q ∈ U(R
1
i ) for some R
1
i associated
to R1 is such that q ∈ Cj then the germ of Cj at q is contained in SR1i
(q).
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7. If f is τ-well prepared, Cj is an irreducible component of C, E is a component
of DY1 , qα ∈ U(R
1
k) ∩E, and γ = E · R
1
k(qα) is prepared for R
1 of type 6 (of
Definition 7.6), then either Cj = γ or q ∈ Cj ∩ γ implies q ∈ U(R
1
k) (and
thus the germ of Cj at q is contained in SRk(q) by 5).
8. The components Cj of C are permissible centers (or *-permissible centers if
f is τ-well prepared and Cj is prepared of type 6) for R
1.
9. ψ1 is a sequence of blow ups of prepared 1-points, prepared 2-points, 2-curves
and resolving curves.
There is a pre-τ-quasi-well prepared (or τ-well prepared) diagram
X2
f2
→ Y2
Φ2 ↓ ↓ Ψ2
X1
f1
→ Y1
where Ψ2 is the blow up of C, possibly followed by blow ups of 2-points which are
prepared of type 2 of Definition 7.5 for the transform of R if f is τ-well prepared, and
C contains a component which is prepared of type 6 for R.
Proof. Let {q1, . . . , qm} be the 1-points of C which are not contained in U(R), and
for which there do not exist super parameters u, v, w ∈ OY,q such that u = w = 0 are
local equations of C at q. This set is finite by Lemma 5.11.
Step 1. Let γ1 be a general curve through q1 on DY .
If q ∈ γ1 is a 1-point, then there exist permissible parameters u, v, w ∈ OY,q,
such that u, v have a toroidal form at p for all p ∈ f−1(q), u = v = 0 are local
equations of γ1 at q, and either u, v, w are toroidal forms at p for all p ∈ f
−1(q), or
u = w = 0 is a local equation of C at q. This follows from (the proof of) Lemma 3.7
since γ1 intersects the fundamental locus of f transversally at general points of one
dimensional components of the fundamental locus.
Since γ1 is a general curve through q1, (γ1−{q1})∩GY (f, τ) ⊂ Θ(f, Y ) by Remark
5.16. Suppose that q ∈ (γ1 − {q1}) ∩ (GY (f, τ) − U(R)).
Since q is perfect for f and by Lemma 5.10, there exist locally closed subsets
V 1, . . . , V n of X which are a partition of GX(f, τ) ∩ f−1(q) and series
φ1(u, v), . . . , φn(u, v)
such that u, v, wi = w−φi are super parameters for f at q and wi is weakly good at p
for p ∈ V i. Here u, v, w ∈ OY,q are permissible parameters at the 1-point q such that
u, v have a toroidal form at p, u = v = 0 are local equations of γ1 at q, and u = w = 0
are local equations of C at q.
If p ∈ f−1(q) is a 1-point and τf (p) > 0, then wi = 0 is supported on DX at p,
since u, v, wi are super parameters at q.
By blowing up 2-curves above X , by a map Φ1 : X1 → X , with induced map
f1 = f ◦ Φ1 : X1 → Y , and substitution of local forms of Φ1 in (67), we obtain that
wi = 0 is supported on DX1 at p1 for all p1 ∈ f
−1
1 (q) such that τf1 (p1) > 0. u, v, wp
are super parameters for f1 at q.
By Lemma 5.3 and Remark 8.2, there exist locally closed subsets V1, . . . , Vn of X1
which are a partition of GX1(f1, τ) ∩ f
−1
1 (q) such that
1. u, v, wi = w − φi(u, v) are super parameters for f1 at q
2. wi is weakly good at p for p ∈ Vi
3. wi = 0 is supported on DX1 at p for p ∈ Vi if τ > 0.
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Suppose that τ > 0. Then there exists a relation weii −u
aiΛi = 0 for p ∈ Vi ∩DX1 ,
where Λi is a unit on Vi, ei, ai ∈ N, ei > 1 and gcd(ei, ai) = 1. Since u, v, wi are
super parameters at the 1-point q, we see from (66) and (67) that there exists λiq ∈ k
such that Λi(p) = λ
i
q for p ∈ Vi.
Suppose that τ = 0. Then wi = 0 is a monomial form at p for p ∈ Vi by Remark
5.8.
We may now define relations Rq,i for f1 by T (Rq,i) = Vi, U(Rq,i) = {q}, and define
Rq,i(p) for p ∈ T (Rq,i) by Rq,i = w
ei
i − λ
i
qu
ai if τ > 0 and by Rq,i = wi if τ = 0.
We extend the transform R1 of R on X1 by adding in the new relations Rq,i for all
q ∈ (γ1 − {q}) ∩ (GY (f, τ) − U(R)). f1 : X1 → Y is then pre-τ -quasi-well prepared
for R1. We have that
(γ1 − {q1}) ∩GY (f1, τ) ⊂ U(R
1).
By Lemma 8.6 and Lemma 8.8, and since for q ∈ γ1 ∩ U(R1i ), the germ of γ1 at q
is not contained in SR1
i
(q) for any relation R1i associated to R
1 (γ1 is general), there
exists a pre-τ -quasi-well prepared (τ -well prepared) diagram
X2
f2
→ Y2
Φ2 ↓ ↓ Ψ2
X1
f1
→ Y
such that Ψ2 is a product of blow ups of prepared 1-points of type 4 (of Definition
7.5) and prepared 2-points of type 1 (of Definition 7.5) such that the strict transform
γ21 of γ1 on Y2 satisfies 1,2 and 4 of Definition 7.4 of a resolving curve for f2 at q1.
Further, if q ∈ γ21 is a 2-point, we have that τf2(p) < τ for p ∈ f
−1
2 (q). By Lemma
5.6 [C5] and Remark 8.3 there exists a pre-τ -quasi-well prepared (τ -well prepared)
diagram
X3
f3
→ Y3
Φ3 ↓ ↓ Ψ3
X2
f2
→ Y2
where Φ3 is a product of blow ups of 2-curves and 3-points and Ψ3 is a product of
blow ups of 2-curves such that if q ∈ γ31 is a 2-point, where γ
3
1 is the strict transform
of γ1 on Y3, then there exist super parameters u, v, w for f3 at q such that u = w = 0
are local equations of γ31 at q. Thus γ
3
1 is a resolving curve for f3 at q.
Let
X4
f4
→ Y4
Φ4 ↓ ↓ Ψ4
X3
f1
→ Y3
be the pre-τ -quasi-well prepared (τ -well prepared) diagram of Lemma 8.4 where Ψ4
is the blow up of γ31 . The strict transform C
4 of C on Y4 intersects Ψ
−1
4 (q1) in a
2-point. Y4 → Y is an isomorphism over a neighborhood of {q2, . . . , qm}.
Step 2.
Iterate the construction of Step 1 for the points q2, . . . , qm. We obtain a commu-
tative diagram
X˜
f˜
→ Y˜
Φ˜ ↓ ↓ Ψ˜
X
f
→ Y
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such that f˜ is pre-τ -quasi-well prepared (τ -well prepared) with respect to a relation
R˜, and if C is the strict transform of C on Y˜ , and if q ∈ C − U(R˜) is a 1-point, then
there exist super parameters u, v, w at q such that u = w = 0 are local equations of
C at q.
Step 3. By Lemma 5.6 [C5] and Remark 8.3, there exists a pre-τ -quasi-well prepared
(τ -well prepared) diagram
X˜1
f˜1
→ Y˜1
Φ˜1 ↓ ↓ Ψ˜1
X˜
f˜
→ Y˜
where Φ˜1 is a product of blow ups of 2-curves and 3-points, and Ψ˜1 is a product of
blow ups of 2-curves such that if C1 is the strict transform of C on Y˜1, and q ∈ C1
is a 2-point not in U(R˜1), then there exist super parameters u, v, w at q, so that q is
prepared of type 2 of Definition 7.5. Let
X˜2
f˜2
→ Y˜2
Φ˜2 ↓ ↓ Ψ˜2
X˜1
f˜1
→ Y˜1
be the pre-τ -quasi-well prepared (τ -well prepared) diagram obtained by blowing up
the 2-points on C1 − U(R˜1) (by Lemma 8.7).
Step 4. By embedded resolution of plane curve singularities (c.f. Section 3.4 and
Exercise 3.13 [C6]), we can iterate Step 3 to construct a pre-τ -quasi-well prepared
(τ -well prepared) diagram
X˜3
f˜3
→ Y˜3
Φ˜3 ↓ ↓ Ψ˜3
X˜2
f˜2
→ Y˜2
such that if C3 is the strict transform of C on Y˜3 and q ∈ C3 − U(R˜3) is a 2-point,
then there exist super parameters u, v, w at q such that u = w = 0 are local equations
of C3.
Step 5. By embedded resolution of plane curve singularities (c.f. Section 3.4 and
Exercise 3.13 [C6]), Lemma 8.1 (for 3-points in C3), Lemma 8.6 and Lemma 8.8, there
exists a pre-τ -quasi-well prepared (τ -well prepared) diagram
X˜4
f˜4
→ Y˜4
Φ˜4 ↓ ↓ Ψ˜4
X˜3
f˜3
→ Y˜3
such that the strict transform C4 of C on Y˜4 satisfies the hypotheses of 1 of Remark
8.11.
Step 6. If f is τ -well-prepared, then we must perform a final sequence of blowups.
Assume that f (and thus f˜4) is τ -well prepared (for the transform R˜
4 of R). Let
Σ =
{
q ∈ C4 such that q ∈ γ and q 6∈ U(R˜4)
where γ is a curve which is prepared of type 6 for R˜4.
}
.
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Σ is a finite set of points which are prepared of type 2 of Definition 7.5 (by 5 b) of
Definition 7.6).
By Lemma 8.7, and embedded resolution of plane curve singularities, we can con-
struct a τ -well prepared diagram
X˜5
f˜5
→ Y˜5
Φ˜5 ↓ ↓ Ψ˜5
X˜4
f˜4
→ Y˜4
such that the hypotheses of 2 of Remark 8.11 hold, and thus the conclusions of the
theorem hold.

Theorem 9.3. Suppose that f : X → Y is pre-τ-quasi-well-prepared (τ-well prepared)
with relation R and R′ is a restriction of R with U(R′) = GY (f, τ) −Θ(f, Y ). Then
there exists a pre-τ-quasi-well prepared (τ-well prepared) diagram of R
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
such that Φ1, Ψ1 are products of blow ups of possible centers and f1 is τ-quasi-well
prepared (τ-well prepared) with respect to the transform (R1)′ of R′. Further, there
exists a finite set of points Ω = {q1, . . . , qr} ⊂ Y such that f1 is toroidal on f
−1
1 (Y1−
Ψ−11 (Ω)), and Ψ1 ◦ f1(T ((R
1)′)) ⊂ U(R′).
Proof. Let C ⊂ Y be the union of the one dimensional components in the fundamental
locus of f which contain a 1-point. By Lemma 5.12, there exists a Zariski open
subset Y of Y such that Y ∩GY (f, τ) = Θ(f, Y ), Y contains a generic point of each
component of C, and there exists a commutative diagram
Xn
fn→ Y n
Φn ↓ ↓ Ψn
Xn−1
fn−1
→ Y n−1
Φn−1 ↓ ↓ Ψn−1
...
...
↓ ↓
X1
f1→ Y 1
Φ1 ↓ ↓ Ψ1
f
−1
(Y ) = X
f
→ Y
where fn is toroidal, each Ψi is the blow up of a nonsingular curve γi (in the fun-
damental locus of f i−1) dominating a component of C, and Φi is a sequence of blow
ups of nonsingular curves dominating γi. Further, we can choose Y so that fn is
τ -quasi-well prepared (τ -well prepared) for the transform of the restriction of R to Y .
We have that q ∈ (C −Θ(f, Y )) ∩GY (f, τ) implies q ∈ U(R
′).
We apply Theorem 9.2 to C. We construct a pre-τ -quasi-well prepared (τ -well
prepared) diagram of R. Let R1 be the transform of R on X1, and let (R
1)′ be the
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transform of R′ on X1 (which is a restriction of R
1). Let the diagram be
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y,
which, after possibly replacing Y with a proper open subset of Y , restricts to
X1
f1→ Y 1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
over Y and such that GY1(f1, τ) ⊂ U((R
1)′)∪Φ−11 (f
−1(Θ(f, Y ))). We iterate this
construction for the Zariski closure of γi in Yi, using Theorem 9.2 if γi contains a
1-point, and Lemma 8.1 if γi is a 2-curve, for 2 ≤ i ≤ n, to achieve the conclusions of
the theorem. 
Theorem 9.4. Suppose that f : X → Y is τ-prepared. Then there exists a commu-
tative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
such that Φ and Ψ are products of possible blow ups, and there exists a relation R1
for f1 such that f1 is τ-quasi-well prepared with relation R
1.
Proof. We will give an inductive construction. The set GY (f, τ) − Θ(f, Y ) is finite
by Remark 5.16. Suppose that there exists a relation R on X such that Ω = U(R) ⊂
GY (f, τ) −Θ(f, Y ). (Initially, Ω = ∅). Let Λ(Y ) = GY (f, τ) −Θ(f, Y )− Ω.
Remark 5.9, Lemma 8.5 and Lemma 8.1 imply there exists a pre-τ -quasi-well pre-
pared diagram (for R)
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
obtained by blowing up 2-curves such that if q1 ∈ Ψ
−1
1 (Λ(Y )), then there exist alge-
braic permissible parameters u1, v1, w1 at q1 such that if p1 ∈ f
−1
1 (q1) ∩ GX1(f1, τ),
then there exist good parameters u1, v1, w1 − φp1(u1, v1) at p1 for f1.
We have Ψ−11 (Θ(f, Y )) ∩ GY1(f1, τ) ⊂ Θ(f1, Y1). Let R
1 be the transform of R
on X1. We restrict R
1 by removing from U(R1) the points of Θ(f1, Y1), so that
U(R1) ∩Θ(f1, Y1) = ∅. Let Ω1 = U(R1), a finite set of points (by Remark 5.16). We
also have that a general point of each curve contained in GY1(f1, τ) is in Θ(f1, Y1),
since f1 is τ -prepared. Let
Λ(Y1) = GY1(f1, τ)−Θ(f1, Y1)− Ω1 ⊂ Ψ
−1
1 (Λ(Y )).
Λ(Y1) is a finite set of points. By Lemma 5.10, and our construction of f1, for each
q ∈ Λ(Y1), we can associate algebraic permissible parameters
uq, vq, wq (197)
at q, locally closed subsetsA1, . . . , An(q) of f
−1
1 (q)∩GX1 (f1, τ) such that {A1, . . . , An(q)}
is a partition of f−11 (q) ∩GX1(f1, τ), and permissible parameters
uq, vq, wqi = wq − φi(uq, vq)
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at q for 1 ≤ i ≤ n(q) such that for p1 ∈ Ai, wqi is good at p1 for f1. We can assume
that uq = vq = 0 are local equations of a general curve through q on DY if q is a
1-point (by Bertini’s Theorem and Remark 5.9).
Now fix q ∈ Λ(Y1). By Theorem 9.1, applied to uq, vq, wqi for 1 ≤ i ≤ n(q), there
exists an affine neighborhood Vq of q and a commutative diagram
X
f
→ Y
Φ ↓ ↓ Ψ
f−11 (Vq) → Vq
(198)
satisfying the conclusions of Theorem 9.1 for all wqi. If q ∈ Ψ
−1
(q), then there
exist u, v ∈ O
Y ,q
such that u, v, wi are permissible parameters at q, u, v, wi are super
parameters at q for all i, and by 3 of Lemma 8.1 and 5 of Lemma 8.4, for
p ∈ f
−1
(q) ∩G
X
(f, τ) ∩ Φ
−1
(Ai),
wi is good at p.
Observe that we can modify the construction of (179) in Theorem 9.1, by a diagram
(180), by performing an arbitrary sequence of blow ups of 2-curves above each Vi and
Wi before constructing Vi+1 and Wi+1.
Suppose that our fixed q ∈ Λ(Y1) is 1-point. Recall that we have chosen uq, vq, wqi
so that uq = vq = 0 are local equations of a general curve C on DY1 through q, so that
C makes SNCs with DY1 , C intersects 2-curves of Y1 at general points, and C − {q}
intersects the fundamental locus γ of f1 transversally at general points of irreducible
1-dimensional components of γ. Thus we have GY1(f1, τ) ∩ (C − {q}) ⊂ Θ(f1, Y1)
and C intersects Θ(f1, Y1) transversally at general points of curves in GY1(f1, τ). For
q ∈ GY1(f1, τ) ∩ (C − {q}), there exist algebraic permissible parameters
uq, vq, wq
at the 1-point q such that uq = vq = 0 are local equations of C, and since q is perfect
for f , there exist series φi(uq, vq) ∈ k[[uq, vq]] such that uq, vq, wqi = wq−φi are super
parameters at q for all i, and for p ∈ f−11 (q), some wqi is weakly good at p.
Now by Lemma 5.10, for q ∈ GY1(f1, τ) ∩ (C − {q}), there exist locally closed
subsets Vi ⊂ X1 for 1 ≤ i ≤ n(q) such that f
−1
1 (q) ∩ GX1(f1, τ) is the disjoint union
of V1, . . . , Vn(q), and for p ∈ Vi, wqi is weakly good for f1 at p.
By Lemma 5.3 and Remark 8.2, there exists a sequence of blow ups of 2-curves
Φˆ : Xˆ → X1 with induced pre-τ -quasi-well prepared morphism fˆ = f ◦ Φˆ : Xˆ → Y1
such that for all q ∈ GY1(f1, τ)∩ (C −{q}), if p ∈ fˆ
−1(q), then for all i, uq, vq, wqi are
super parameters at p and if τ
fˆ
(p) > 0, then wqi = 0 is a local equation of a divisor
supported on D
Xˆ
at p. Further, if p ∈ Φˆ−1(Vi) ∩ GXˆ(fˆ , τ), then wqi is weakly good
for fˆ at p.
We define new primitive relations R1q,i for the finitely many
q ∈ GY1(fˆ , τ) ∩ (C − {q}) ⊂ GY1(f1, τ) ∩ (C − {q})
and 1 ≤ i ≤ n(q).
Let U(R1q,i) = {q}, T (R
1
q,i) = Φˆ
−1(Vi) ∩GXˆ(fˆ , τ).
Suppose that τ > 0.
If p ∈ Vi is a 1-point, then we have an expression
uq = x
a, vq = y, wqi = x
cγ
where x, y, z are regular parameters in Oˆ
Xˆ,p
, γ ∈ Oˆ
Xˆ,p
is a unit series and a 6 | c. Let
d = gcd(a, c) < a, e = a
d
> 1 and c = c
d
.
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We define R1q,i(p) = w
e
qi − γ(0, 0, 0)
eucq.
If p ∈ Vi is a 2-point, then we have an expression
uq = (x
ayb)k, vq = z, wqi = (x
ayb)lγ
where x, y, z are regular parameters in Oˆ
Xˆ,p
, γ ∈ Oˆ
Xˆ,p
is a unit series and k 6 | l. Let
d = gcd(k, l) < k, e = k
d
> 1 and c = l
d
. We define R1q,i(p) = w
e
qi − γ(0, 0, 0)
eucq.
Suppose that τ = 0. We then define R1q,i(p) by the relation wqi = 0 for p ∈ Vi (by
Remark 5.8).
We extend the transform Rˆ1 of R1 on Xˆ to include the primitive relations R1q,i for
q ∈ GY1(fˆ , τ) ∩ (C − {q}) which we have just defined. Observe that we now have
(C − {q}) ∩GY1(fˆ , τ) ⊂ U(Rˆ
1).
By embedded resolution of plane curve singularities (c.f. Section 3.4 and Exercise
3.13 [C6]), and Lemmas 8.6 and 8.8, there exists a pre-τ -quasi-well prepared diagram
X˜
f˜
→ Y˜
Φ˜ ↓ ↓ Ψ˜
Xˆ
fˆ
→ Y1
such that Ψ˜ is a sequence of blow ups of prepared 1-points and 2-points (of types
4 and 1 of Definition 7.5) such that if C˜ is the strict transform of C on Y˜ , then
C˜∩GY˜ (f, τ) = {q} (since the germ of C at q ∈ GY1(f1, τ)∩(C−{q}) is not contained
in the surface germ wqi = 0 for any i). Thus C˜ satisfies 1 and 2 of Definition 7.4 of a
resolving curve. 4 of the definition holds since f1 is τ -prepared and C intersects the
fundamental curve of Y1 transversally at general points.
By Lemma 5.6 [C5] and Lemma 8.1, there exists a pre-τ -quasi-well prepared dia-
gram
X˜2
f˜2
→ Y˜2
Φ˜2 ↓ ↓ Ψ˜2
X˜
f˜
→ Y˜
where Ψ˜2 and Φ˜2 are products of blow ups of 2-curves such that the strict transform
C˜2 of C satisfies 3 of Definition 7.4. Observe that Ψ˜ ◦ Ψ2 is an isomorphism over q,
and X˜2 → X1 is a sequence of blow ups of 2-curves over f
−1
1 (q) Thus C˜2 is a resolving
curve for f˜2 at q.
We may identify q with a point of Y˜2. Let Φ
′ : X˜2 → X1 be our morphism
Φ′ = Φˆ ◦ Φ˜ ◦ Φ˜2. Let A˜i = (Φ′)−1(Ai) ∩ GX˜2(f˜2, τ) for 1 ≤ i ≤ n(q). We have that
uq, vq, wqi are permissible parameters at q such that wqi is good for f˜2 at all p ∈ A˜i
(by Remark 8.2).
After possibly replacing the neighborhood Vq of q in (198) with a smaller neigh-
borhood of q, we may identify Vq with a neighborhood of q in Y˜2.
Let
X2
f2
→ Y2
Φ2 ↓ ↓ Ψ2
X˜2
f˜2
→ Y˜2
be the pre-τ -quasi-well prepared diagram of the conclusions of Lemma 8.4, where
Ψ2 is the blow up of C˜2.
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As (f1 ◦Φ′)−1(Vq)→ f
−1
1 (Vq) is a sequence of blow ups of 2-curves, as commented
after the construction of (198), we can assume that if we restrict the diagram
X2 → Y2
Φ′′ ↓ ↓ Ψ′′
X1 → Y1
that we have constructed to Vq, we obtain the diagram
W1 → V1
Φ1 ↓ ↓ Ψ1
f−11 (Vq) =W → V = Vq
of (180) constructed in the proof of Theorem 9.1.
Now suppose that our fixed q ∈ Λ(Y1) is a 2-point. Then, by Lemma 8.1 we
construct a τ -quasi-well prepared diagram for R1 and the blow up Ψ′′ of C
X2
f2
→ Y2
Φ′′ ↓ ↓ Ψ′′
X1 → Y1
where Φ′′ is a sequence of blow ups of 2-curves.
We can assume that if we restrict the diagram
X2 → Y2
↓ ↓
X1 → Y1
to Vq, we obtain the diagram
W1 → V1
Φ1 ↓ ↓ Ψ1
f−11 (Vq) =W → V = Vq
of (180) constructed in the proof of Theorem 9.1.
Let R2 be our relation on X2. We have (by Remark 8.2)
(Ψ′′)−1(Θ(f1, Y1)− C) ⊂ Θ(f2, Y2).
We restrict R2 if necessary, so that U(R2) ∩Θ(f2, Y2) = ∅. Let Ω2 = U(R2)
With the notation of the proof of Theorem 9.1, let C2 be the Zariski closure of γ1,
the curve blown up in V2 → V1, in Y2. C2 is a section over C. Either C2 is a 2-curve
or C2 contains a 1-point.
Suppose that C2 contains a 1-point. Then q1 = (Ψ
′′)−1(q) ∩C2 is a 1-point.
In this case, by 4 of the conclusions of Lemma 8.4, at all 1-points q1 ∈ C2, there
exist permissible parameters u1, v1, w such that u1 = v1 = 0 are local equations of C2
at q1, and u1, v1 are toroidal forms at all p ∈ f
−1
2 (q1). Thus C2 satisfies 2 and 4 of
Definition 7.4 of a resolving curve for f2 at q1.
We can apply Lemma 8.9 to construct a pre-τ -quasi-well prepared diagram
X3
f3
→ Y3
↓ ↓
X2
f2
→ Y2
(199)
satisfying the conclusions of Lemma 8.9, so that the strict transform of C2 is a re-
solving curve for f3 at q1.
The vertical arrows of (199) are products of blow ups of 2-curves above Vq.
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Let
X4 → Y4
Φ4 ↓ ↓ Ψ4
X3 → Y3
be the pre-τ -quasi-well prepared diagram of the conclusions of Lemma 8.4, where Ψ4
is the blow up of the strict transform of C2.
Suppose that C2 is a 2-curve. Then we construct (from Lemma 8.1)
X4 → Y4
↓ ↓
X2 → Y2
(200)
as a τ -quasi-well prepared diagram for R2 and the blow ups of C2.
As commented after the construction of (198), we may assume that the diagram
(200) restricts to the diagram
W2 → V2
↓ ↓
W1 → V1
of (180) above Vq.
Since (180) is finite, after finitely many iterations, we achieve a pre-τ -quasi-well
prepared diagram
X5
f5
→ Y5
Φ5 ↓ ↓ Ψ5
X1 → Y1
which restricts to the diagram (198) above Vq, Ψ5 is an isomorphism over Λ(Y1)−{q}
and Φ5 is a sequence of blow ups of 2-curves over Λ(Y1)− {q}.
By Lemma 5.3, and Remark 8.2, 3 of Lemma 8.1 and 5 of Lemma 8.4, there exists a
sequence of blow ups of 2-curves Φ6 : X6 → X5 such that f6 : X6 → Y5 is pre-τ -quasi-
well prepared, and (with the notation introduced with (198)), there exist algebraic
permissible parameters uq, vq, wq ∈ OY1,q and wqi = wq −φi(uq, vq) such that for q in
the finite set
Σ = (Ψ5 ◦Ψ6)
−1(q) ∩GY5(f6, τ)−Θ(f6, Y5),
we have algebraic permissible parameters uq, vq, wq at q, and series
φi(uq, vq) = φi(uq, vq)
such that uq, vq, wqi = wq − φi(uq, vq) are super parameters for all i, and for
p ∈ Vqi = f
−1
6 (q) ∩ (Φ5 ◦ Φ6)
−1(Ai) ∩GX6(f6, τ),
wqi = wq − φi(uq, vq) is good for f6 at p, and wqi = 0 is supported on DX6 at p if
τ > 0.
We define new primitive relations R6q,i for q ∈ Σ and 1 ≤ i ≤ n(q).
Let U(R6q,i) = {q}, T (R
6
q,i) = Vqi.
Suppose that τ > 0.
If p ∈ Vqi is a 1-point, then we have an expression
uq = x
a, vq = y, wqi = x
cγ
where x, y, z are regular parameters in OˆX6,p, γ ∈ OˆX6,p is a unit series and a 6 | c.
Let
a′ =
a
gcd(a, c)
> 1, c′ =
c
gcd(a, c)
.
We define R6q,i(p) = w
a′
qi − γ(0, 0, 0)
a′uc
′
q .
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If p ∈ Vi is a 2-point, then we have an expression
uq = (x
ayb)k, vq = z, wqi = (x
ayb)lγ
where x, y, z are regular parameters in OˆX6,p, γ ∈ OˆX6,p is a unit series and k 6 | l.
Let
k′ =
k
gcd(k, l)
> 1, l′ =
l
gcd(k, l)
.
We define R6q,i(p) = w
k′
qi − γ(0, 0, 0)
k′ul
′
q .
Suppose that τ = 0. We then define R6q,i(p) = wqi. By Remark 5.8, wqi is a
monomial form at p.
We can extend the transform R6 of R5 on X6 to include these new primitive
relations R6q,i.
We now restrict R6 to remove the points of Θ(f6, Y5) from U(R
6). We have a
natural identification
Λ(Y6) = GY5(f6, τ)−Θ(f6, Y5)− U(R
6)
with Λ(Y1) − {q}, by our construction, and since Y6 → Y1 is an isomorphism over
Λ(Y1)− {q}.
By induction on |Λ(Y1)|, we may iterate the above procedure to construct a com-
mutative diagram
X7
f7
→ Y7
↓ ↓
X → Y
such that f7 is pre-τ -quasi-well prepared with U(R
7) = GY7(f7, τ)−Θ(f7, Y7).
Now by Theorem 9.3 there exists a pre-τ -quasi-well diagram for R7
X8
f8→ Y8
↓ ↓
X7 → Y7
such that f8 is τ -quasi-well prepared for the transform of R
7. 
Lemma 9.5. Suppose that τ ≥ 0, f : X → Y is τ-quasi-well prepared with relation
R. Further suppose there exists a τ-quasi-well prepared diagram for R
X˜
f˜
→ Y˜
Φ˜ ↓ ↓ Ψ˜
X
f
→ Y,
(201)
where R˜ is the transform of R on X˜, such that if q1 ∈ U(R˜) is on a component E
of DY˜ such that Ψ˜(E) is not a point, then T (R˜) ∩ f˜
−1(q1) = ∅. Then there exists a
commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X˜
f˜
→ Y˜
such that Φ, Ψ are products of blow ups of possible centers, and f1 is τ-quasi-well
prepared with relation R1 and pre-algebraic structure. Further, R1 is algebraic. (R1
will in general not be the transform of R˜.)
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Proof. Given a diagram (201), we will define a new relation R˜′ on X˜ for f˜ . This
is accomplished as follows. We have that | U(R˜) − Θ(f˜ , Y˜ ) |< ∞ by Remark 5.16.
Suppose that q1 ∈ U(R˜)−Θ(f˜ , Y˜ ) is such that f˜−1(q1) ∩ T (R˜) 6= ∅. Let
Jq1 = {i | T (R˜i) ∩ f˜
−1(q1) 6= ∅}.
Let q = Ψ˜(q1). For j ∈ Jq1 , let
u = u
Rj(q)
, v = v
Rj(q)
, wj = wRj(q).
Let
u1 = u
R˜j(q1)
, v1 = v
R˜j(q1)
, wj,1 = w
R˜j(q1)
.
Since Ψ˜ is a composition of admissible blow ups for the transforms of the pre-relations
Ri on Y , by the description of admissible blow ups (118) - (120) following Definition
6.2, we have in OˆY1,q, one of the following relations: q1 a 2-point
u = ua˜1v
b˜
1, v = u
c˜
1v
d˜
1 , wj = u
e˜
1v
f˜
1wj,1 (202)
with a˜d˜− b˜c˜ = ±1, or q1 a 1-point,
u = u1, v = u
c˜
1v1, wj = u
e˜
1wj,1 (203)
or q1 a 1-point
u = ua˜1γ1(u1, v1), v = u
b˜
1γ2(u1, v1), wj = u
c˜
1γ3(u1, v1)wj,1 (204)
where γ1, γ2, γ3 are unit series and γ1, γ2, γ3 ∈ OY1,q or q1 a 2-point
u = (ua˜1v
b˜
1)
t˜γ1(u1, v1), v1 = (u
c˜
1v
d˜
1)
k˜γ2(u1, v1), wj = u
e˜
1v
f˜
1 γ3(u1, v1)wj,1
(205)
where γ1, γ2, γ3 are unit series, and γ1, γ2, γ3 ∈ OY1,q, a˜, b˜ > 0.
By assumption, if q1 is on a component E of DY˜ we must have Ψ˜(E) is a point.
Thus in (202) we have a˜, b˜, c˜, d˜, e˜, f˜ all nonzero. If (203) holds, we have c˜, e˜ > 0. In
(204) we have a˜, b˜, c˜ > 0. In (205) we have t˜, k˜, e˜, f˜ > 0.
Suppose that p1 ∈ T (R˜j) ∩ f˜−1(q1) and τ > 0. Let p = Φ˜(p1) ∈ T (Rj). On X1,
wj = 0 is a divisor supported on DX1 at p1. In (202), (204), (205) we see that u = 0
is a local equation of DX1 at p1, and v = 0 is a local equation of DX1 at p1. In (203),
we have that u = 0 is a local equation of DX1 at p1, wj = 0 is a local equation of
DX1 at p1, and v = 0 is a local equation of a divisor that contains DX1 at p1. Thus
in all cases, there exists a natural number r such that wj divides u
r and vr in OˆX˜,p1 .
Define
η = η(q1) =
 max{2r
2, e˜, f˜} if (202) or (205) holds
max{2r2, c˜} if (204) holds
max{2r2, e˜} if (203) holds
where the maximum is over p1 ∈ T (R˜j) ∩ f˜−1(q1).
Fix j ∈ Jq1 . There exists σ(u, v, wj) ∈ k[[u, v, wj ]] = OˆY,q such that the order of
the series σ is greater than η and wj + σ ∈ OY,q. Let
w∗j = wj + σ(u, v, wj).
For p1 ∈ T (R˜j) ∩ f˜−1(q1), we have
w∗j = wjγp1j
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where γp1j ∈ OˆX1,p1 is a unit series. If (202) holds at q1, set
wq1,j =
w∗j
ue˜1v
f˜
1
= wj,1 +
σ(ua˜1v
b˜
1, u
c˜
1v
d˜
1 , u
e˜
1v
f˜
1wj,1)
ue˜1v
f˜
1
∈ OˆY˜ ,q1 ∩ k(Y ) = OY˜ ,q1 ,
(206)
since u1, v1 ∈ OY˜ ,q1 (this is part of the definition of a pre-τ -quasi-well prepared
morphism).
We further have
wq1,j = wj,1γp1,j.
There is a similar argument if (203), (204) or (205) holds.
For k ∈ Jq1 , there exists λjk(u, v) ∈ k[[u, v]] such that wk = wj + λjk(u, v). Write
λjk(u, v) = αk(u, v) + hk(u, v)
where αk(u, v) is a polynomial, and hk(u, v) is a series of order greater than η. Set
w∗k = wj + σ(u, v, wj) + λjk(u, v)− hk(u, v) ∈ OY,q.
w∗k = wk + σ(u, v, wk − λjk(u, v))− hk(u, v)
= wk + σk(u, v, wk)
where σk is a series of order greater than η.
Suppose that (202) holds at q1. Set
wq1,k =
w∗k
ue˜1v
f˜
1
.
From (202) we see that u1, v1, wq1,k are permissible parameters at q1 and
wk = u
e˜
1v
f˜
1wq1,k,
so that wq1,k ∈ OY˜ ,q1 . We further have that
wq1,k = wk,1γp1k (207)
for some unit series γp1k ∈ OˆX˜1,p1 .
We have that for k ∈ Jq1 ,
wq1,k = wk,1 +
σk(u
a˜
1v
b˜
1, u
c˜
1v
d˜
1 , u
e˜
1v
f˜
1wk,1)
ue˜1v
f˜
1
(208)
with
σk
ue˜1v
f˜
1
∈ OˆY˜ ,q1 .
We further have
wq1,k−wq1,j =
w∗k − w
∗
j
ue˜1v
f˜
1
=
λjk(u, v)− hk(u, v)
ue˜1v
f˜
1
∈ k((u1, v1))∩k[[u1, v1, wj,1]] = k[[u1, v1]].
There is a similar argument if (203), (204) or (205) holds. In these cases (206)
becomes:
wq1j =
w∗j
ue˜1
, wq1j =
w∗j
uc˜1
, wq1j =
w∗j
ue˜1v
f˜
1
respectively.
In all these cases, an equation (207) holds.
In case (203), a variant of equation (208) holds.
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Suppose that (205) holds and k ∈ Jq1 . Then there exist series σk(u, v, wk) such
that ord σk > η and such that
w∗k = wk + σk(u, v, wk).
Thus
wq1,k = γ3(u1, v1)wk,1 +
σk((u
a˜
1v
b˜
1)
t˜γ1(u1, v1), (u
c˜
1v
d˜
1)
k˜γ2(u1, v1), u
e˜
1v
f˜
1 γ3(u1, v1)wj,1)
ue˜1v
f˜
1 (209)
with
σk
ue˜1v
f˜
1
∈ OˆY˜ ,q1 .
There is a similar expression if (204) holds.
Now suppose that τ = 0. We make the same argument as the τ > 0 case if wj,1
satisfies a form of Definition 3.4 with α 6= 0. A similar, but slightly different argument
is required if wj1 satisfies 1, 2 or 5 of Definition 3.4, with α = 0.
We now define the new relation R˜′ on X˜ for f˜ . Set T (R˜′) = T (R˜)− f˜−1(Θ(f˜ , Y˜ )),
U(R˜′) = f˜(T (R˜)) − Θ(f˜ , Y˜ ). U(R˜′) is a finite set by Remark 5.16. For q1 ∈ U(R˜′),
we define primitive relations Rq1,k as follows. Set U(Rq1,k) = {q1}, T (Rq1,k) =
T (R˜k) ∩ f˜−1(q1).
For p1 ∈ T (Rq1,k) define
uRq1,k(p1) = uR˜k(p1), vRq1,k(p1) = vR˜k(p1), wRq1,k(p1) = wq1,k.
If τ > 0 and q1 is a 2-point (from 207), we define Rq1,k(p1) by
aRq1,k(p1) = aR˜k(p1), bRq1,k(p1) = bR˜k(p1), eRq1,k(p1) = eR˜k(p1)
and
λRq1,k(p1) = λR˜k(p1)γp1k(0, 0, 0)
eR˜k
(p1).
If τ = 0, and q1 is a 2-point, we define
aRq1,k(p1) = bRq1,k(p1) =∞.
If q1 is a 1-point, we define Rq1,k(p1) in an analogous way.
From the above calculations, we see that f : X˜ → Y˜ with the relation R˜′ satisfies
1 - 3 of the conditions of Definition 7.1 of a pre-τ -quasi-well prepared morphism.
Recall that all exponents are positive in (202) - (205), and thus in (208) and (209).
Thus we can choose a possibly larger η(q1) so that ord(σk) is sufficiently large in (208)
and (209) that R˜′ satisfies 4 of the conditions of Definition 7.1 (as well as 1 – 3). Thus
f˜ is pre-τ -quasi-well prepared with respect to R˜′.
For qi ∈ U(Rqi,k), let Ω(Rqi,k) be an affine neighborhood of qi on the surface with
local equation wqi,k = 0 at qi, such that
1. Ω(Rqi,k) is nonsingular and makes SNCs with DY˜ .
2. Ω(Rqi,k) ∩ U(R˜
′) = {qi}
We now restrict R˜′ so that U(R˜′) = GY˜ (f˜ , τ) − Θ(f˜ , Y˜ ), f˜ is pre-τ -quasi-well
prepared with relation R˜′ and R˜′ is algebraic.
By Theorem 9.3 there exists a pre-τ -quasi-well prepared diagram for R˜′
X ′
f ′
→ Y ′
Φ′ ↓ ↓ Ψ′
X˜ → Y˜
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such that f ′ is τ -quasi-well prepared for the transform R′ of R˜′. By our construction,
R′ has pre-algebraic structure. Further, R′ is algebraic. Thus the conclusions of
Lemma 9.5 hold. 
Remark 9.6. Suppose that f : X → Y is τ-quasi-well prepared and q ∈ U(Ri) is a
1-point. Let
u = u
Ri(q)
, v = v
Ri(q)
, wi = wRi(q).
Then f is not toroidal above q if and only if q is contained in the fundamental locus
of f .
Suppose that f is not toroidal above q. Then the germ of the fundamental locus of
f at q is a nonsingular (algebraic) curve, and u = wi = 0 are (formal) local equations
of the fundamental locus of f at q.
Proof. Suppose that f is not toroidal above q. u, v, wi are super parameters at p for
all p ∈ f−1(q). From consideration of the local forms 5 and 6 of Definition 5.1 of
super parameters at a 1-point q, we see that u = wi = 0 are local equations of (a
formal branch of) the fundamental locus of f at q. Since the fundamental locus of f
is algebraic, we obtain the conclusions of the remark. 
Theorem 9.7. Suppose that τ ≥ 0, f : X → Y is τ-quasi-well prepared with relation
R. Then there exists a τ-quasi-well prepared diagram
X˜
f˜
→ Y˜
Φ˜ ↓ ↓ Ψ˜
X
f
→ Y
where R˜ is the transform of R on X˜ such that if q1 ∈ U(R˜) is on a component E of
DY˜ such that Ψ˜(E) is not a point, then T (R˜) ∩ f˜
−1(q1) = ∅.
Proof. Step 1. Let A0 be the set of 2-points q ∈ Y such that q ∈ U(Ri) for some Ri
associated to R and f−1(q) ∩ T (Ri) 6= ∅. A0 is a finite set since f is τ -prepared.
For q ∈ A0 ∩ U(Ri), set
u = u
Ri(q)
, v = v
Ri(q)
, wi = wRi(q). (210)
Let Ψ1 : Y1 → Y be the blowup of all q ∈ A0, and let
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
be a τ -quasi-well prepared diagram of R and Ψ1. Such a diagram exits by Lemma
8.6. Suppose that q ∈ A0 ∩U(Ri) and q1 ∈ Ψ
−1
1 (q) is a 1-point lying on a component
E of DY1 and f
−1
1 (q1) ∩ T (R
1
i ) 6= ∅. Then q1 has regular parameters u1, v1, wi,1 with
u = u1, v = u1(v1 + α), wi = u1wi,1
with 0 6= α ∈ k, which implies that E has local equation u1 = 0, so that Ψ1(E) is a
point.
Let A1 be the set of all 2-points q1 ∈ Y1 such that for some i, q1 ∈ U(R
1
i ),
f−11 (q1) ∩ T (R
1
i ) 6= ∅ and q1 is on a component E of DY1 such that Ψ1(E) is not a
point. We have A1 ⊂ Ψ
−1
1 (A0). Let Ψ2 : Y2 → Y1 be the blowup of all q1 ∈ A1, and
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let (by Lemma 8.6)
X2
f2
→ Y2
Φ2 ↓ ↓ Ψ2
X1
f1
→ Y1
be a τ -quasi-well prepared diagram of R1 and Ψ2. Continue in this way to construct
(for arbitrary n) a sequence of n blow ups of sets of 2-points Ψk+1 : Yk+1 → Yk for
0 ≤ k ≤ n− 1 with τ -quasi-well prepared diagrams
Xk+1
fk+1
→ Yk+1
Φk+1 ↓ ↓ Ψk+1
Xk
fk→ Yk
of Rk and Ψk+1. We have a resulting τ -quasi-well prepared diagram of R
Xn
fn
→ Yn
Φ ↓ ↓ Ψ
X
f
→ Y.
(211)
Suppose that qn ∈ Yn is a 2-point such that qn is on a component E of DYn such
that Ψ(E) is not a point, and qn ∈ U(R
n
i ), f
−1
n (qn)∩ T (R
n
i ) 6= ∅ for some i. We have
permissible parameters
u1 = uRni (qn)
, v1 = vRni (qn)
, wi,1 = wRni (qn)
(212)
at qn such that for Ψ(qn) = q and with notation of (210),
u = u1
v = un1v1
wi = u
n
1wi,1
(213)
or
u = u1v
n
1
v = v1
wi = v
n
1wi,1.
Suppose that p ∈ T (Ri) ∩ f−1(q) is a 1-point. First suppose that τ > 0. There
are permissible parameters x, y, z at p and 0 6= α ∈ k, where γ ∈ OˆX,p is a unit, such
that we have
u = xa, v = xb(α+ y), w = xcγ.
From the construction of (211) and the algorithm of Lemma 8.6, we have that Φ is
an isomorphism at points of Φ−1(p) ∩ f−1n (qn). Thus for n ≥ max{
a
b
, b
a
}, f−1n (qn) ∩
Φ−1(p) = ∅.
Suppose that τ = 0 (and p ∈ T (Ri) ∩ f−1(q) is a 1-point). Then there exist
permissible parameters x, y, z at p, β ∈ k, and 0 6= α ∈ k such that
u = xa, v = xb(α+ y), w = xc(β + z).
If β 6= 0, then Φ is an isomorphism at points of Φ−1(p) ∩ f−1n (qn). For n ≥
max{a
b
, b
a
}, we have f−1n (qn) ∩ Φ
−1(p) = ∅.
If β = 0, then Φ is a product of blow ups of sections over the curve x = z = 0 at
points of f−1n (qn), and in this case also, Φ
−1(p) ∩ f−1n (qn) = ∅ for n ≥ max{
a
b
, b
a
}.
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Suppose that p ∈ T (Ri)∩ f−1(q) is a 2-point. First suppose that τ > 0. There are
permissible parameters x, y, z at p and 0 6= α ∈ k such that we have one of the forms
u = (xayb)k, v = (xayb)t(α+ z), wi = (x
ayb)lγ, (214)
where 0 6= α ∈ k, gcd(a, b) = 1, γ ∈ OˆX,p is a unit,
or we have
u = xayb, v = xcyd, wi = x
eyfγ (215)
where ad− bc 6= 0, γ ∈ OˆX,p is a unit.
Suppose that (214) holds. From the construction of (211) and the algorithm of
Lemma 8.6, we have that Φ is a sequence of blow ups of 2-curves at points of Φ−1(p)∩
f−1n (qn), so that for n ≥ max{
k
t
, t
k
}, f−1n (qn) ∩Φ
−1(p) = ∅,
Suppose that (215) holds. If f−1n (qn)∩Φ
−1(p)∩ T (Rni ) 6= ∅ for all n, we will show
that, after possibly interchanging u, v and x, y, (215) must be
u = xa, v = xcyd, wi = x
eyfγ, (216)
with d, f > 0, and (213) holds.
We see this as follows.
Suppose that pn ∈ f−1n (qn) ∩ T (R
n
i ) and Φ(pn) = p.
Let ν be a valuation of k(X) whose center on Xn is pn. We identify ν with
an extension of ν to the quotient field of OˆXn,pn which dominates OˆXn,pn . qn has
permissible parameters (212). After possibly interchanging u and v, we have a relation
(213), so that ν(v) > nν(u), and ν(wi) > nν(u). We can reindex x, y, z so that
0 < ν(x) ≤ ν(y). Then
(c+ d− nb)ν(y) ≥ (d− nb)ν(y) + (c− na)ν(x) > 0,
and
(e + f − nb)ν(y) ≥ (f − nb)ν(y) + (e− na)ν(x) > 0. (217)
Thus if b 6= 0, and n > c+ d, we have a contradiction.
Taking n > c+ d for all c, d in local forms (215) for 2-points p ∈ T (R), we achieve
that b = 0 in all local forms (215) which are the images of 2-points pn ∈ T (Rn) which
map to a point qn of Yn which is on a component E of DYn such that Ψ(E) is not a
point. d > 0 since ad− bc 6= 0.
We have f > 0 if n >> 0. In fact, if f = 0 in (215), we then have e > 0, and for
n > a
e
, we have a contradiction to (217).
Suppose that τ = 0 (and p ∈ T (Ri) ∩ f−1(q) is a 2-point). Then there exist
permissible parameters x, y, z at p and 0 6= α ∈ k such that we have one of the forms:
u = (xayb)k, v = (xayb)t(α+ z), wi = x
cyd (218)
with 0 6= α ∈ k, ad− bc 6= 0, gcd(a, b) = 1, or we have
u = xayb, v = xcyd, wi = x
eyf (β + z) (219)
with ad− bc 6= 0, β ∈ k.
Suppose that (218) holds. From the construction of (211), we have that Φ is a
sequence of blow ups of 2-curves at points of Φ−1(p) ∩ f−1n (qn), so that for n ≥
max{k
t
, t
k
}, f−1n (qn) ∩ Φ
−1(p) = ∅.
Suppose that (219) holds. If β 6= 0, the analysis of (215) shows that if f−1n (qn) ∩
Φ−1(p)∩T (Rni ) 6= ∅ for all n, then after possibly interchanging u, v and interchanging
x, y (219) has the form (216), with γ = β + z, d, f > 0 and (213) holds.
Suppose that β = 0 (in (219)), and f−1n (qn) ∩Φ
−1(p) ∩ T (Rni ) 6= ∅ for all n. After
possibly interchanging u and v, we may assume that (213) holds. Let ν be a valuation
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of k(X) whose center onXn is pn. We identify ν with an extension of ν to the quotient
field of OˆXn,pn which dominates OˆXn,pn . Then we see that
ν(v) > nν(u) and ν(wi) > nν(u) (220)
for all n.
Thus for n sufficiently large, after possibly interchanging x and y, (219) must be
u = xa, v = xcyd, wi = x
eyfz (221)
with d > 0.
We will now show that we can take n sufficiently large that f > 0 in (221).
Suppose that f = 0 in (221). Then we have
ν(y) > nν(x) and ν(z) > nν(x) (222)
for all n.
In the algorithm of Lemma 8.6 (explicitly worked out in Lemma 7.13 [C5]), we see
that Φ1 : X1 → X can be factored by morphisms
X1 = Zm → · · · → Z2 → Z1 → X
where Z1 → X is a sequence of blow ups of 2-curves and 3-points, and each Zi+1 → Zi
is the blow up of a possible curve containing a 1-point, which is in the locus where
IqOZi is not invertible.
By (222), we see that there exist permissible parameters x˜1, y˜1, z˜1 at the center p˜1
of ν on Z1 such that
x = x˜1, y = x˜
g
1y˜1, z = z˜1.
We have
u = x˜a1 , v = x˜
c+gd
1 y˜
d
1 , wi = x˜
ez˜1
with a ≤ c + gd, since from the construction of Z1 → X1, we have that (u, v)OZ1,p˜1
is invertible.
If e ≥ a, then IqOZ1,p˜1 is invertible, and X1 → Z1 is an isomorphism above p˜1.
Then at p1 ∈ X1, there are permissible parameters xˆ1, yˆ1, zˆ1 such that
u
R
1
i (q1)
= xˆa1 , vR1i (q1)
= xˆc+gd−a1 yˆ
d
1 , wR1i (q1)
= xˆe−a1 zˆ1.
If e− a = 0, we have that f1 is toroidal at p1 (so that τf1(p1) = −∞).
If e < a, we have that X1 → Z1 is not an isomorphism above p˜1. Without loss of
generality, we may assume that each Zi+1 → Zi is not an isomorphism at the center
of ν.
We have that x˜1 = z˜1 = 0 are (formal) local equations at p˜1 of the curve blown up
in Z2 → Z1.
Let p˜2 be the center of ν on Z˜2. By (222), we have that there are permissible
parameters x˜2, y˜2, z˜2 at p˜2 such that x˜1 = x˜2, y˜1 = y˜2, z˜1 = x˜2z˜2.
We have
u = x˜a2 , v = x˜
c+gd
2 y˜
d
2 , wi = x˜
e+1
2 z˜2.
We see that in X1 = Zm, there are regular parameters xˆ1, yˆ1, zˆ1 such that
u
R
1
i (q1)
= xˆa1 , vR1i (q1)
= xˆc+gd−a1 yˆ
d
1 , wR1i (q1)
= zˆ2.
thus f1 is toroidal at p1.
Iterating this analysis for the morphisms Ψ2, . . . ,Ψn, we see that for n >> 0, fn
is toroidal at pn. In fact, if we take n ≥
e
a
in (211), we see that f−1n (qn) ∩ T (R
n
i ) ∩
Φ−1(p) = ∅.
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We can thus take n sufficiently large so that f > 0 in all local forms (221), which
are the images of 2-points pn ∈ T (Rn) which map to a point qn of Yn which is on a
component E of DYn such that Ψ(E) is not a point.
Suppose that p ∈ X is a 3-point such that p ∈ T (Ri) ∩ f−1(q). Then there are
permissible parameters x, y, z for u, v, wi at p such that
u = xaybzc
v = xdyezf
wi = x
gyhziγ
(223)
where γ is a unit series.
We will show that we can choose n sufficiently large in the diagram (211), so that
if pn ∈ Xn is a 3-point such that pn ∈ Φ−1(p) ∩ T (Rni ) and qn = fn(pn) is on a
component E of DYn such that Ψ(E) is not a point, then (223) must have one of the
following forms (after possibly interchanging u, v and x, y, z):
u = xayb
v = xdyezf
wi = x
gyhziγ
(224)
where b 6= 0, f 6= 0, i 6= 0 and (213) holds, or
u = xa
v = xdyezf
wi = x
gyhziγ
(225)
with e and f 6= 0, h or i 6= 0 and (213) holds.
We will now prove this statement.
Let ν be any valuation of k(X) which has center pn on Xn. We identify ν with an
extension of ν to the quotient field of OˆXn,pn which dominates OˆXn,pn .
qn has permissible parameters (212).
After possibly interchanging u and v, we have a relation (213), so that ν(v) >
nν(u). We can reindex x, y, z so that
0 < ν(x) ≤ ν(y) ≤ ν(z).
Then
(f + e+ d− nc)ν(z) ≥ (f − nc)ν(z) + (e− nb)ν(y) + (d− na)ν(x) > 0.
If c 6= 0, and n > f + e + d, we have a contradiction. Thus taking n > f + e + d for
all d, e, f in local forms (223) for 3-points p ∈ T (R), we achieve that c = 0 in all local
forms (223) which are the images of 3-points pn ∈ T (R
n) which map to a point qn of
Yn which is on a component E of DYn such that Ψ(E) is not a point.
If i = 0 (and c = 0) in (223) we have
(h+ g − nb)ν(y) ≥ (h− nb)ν(y) + (g − na)ν(x) > 0
so that if b 6= 0 and n > h+ g we have a contradiction. Thus, by taking n≫ 0 in
(211), we see that if b 6= 0, then a form (224) must hold at p (since uv = 0 is a local
equation of DX at p implies f 6= 0). If b = c = 0 in (223), then a similar calculation
shows that a form (225) must hold at p (for n≫ 0).
We observe that in (224) we have
(z) ∩ OˆY,q = (v, wi). (226)
Suppose that (225) holds. If i 6= 0 then
(z) ∩ OˆY,q = (v, wi). (227)
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If h 6= 0, then
(y) ∩ OˆY,q = (v, wi). (228)
Suppose that (216) or (221) hold. Then
(y) ∩ OˆY,q = (v, wi). (229)
We will show that in (224), v = wi = 0 is a formal branch of an algebraic curve C
in the fundamental locus of f : X → Y . Let R = OY,q, S = OX,p.
Since p is a 3-point, there exist regular parameters x, y, z in OX,p and units
λ1, λ2, λ3 ∈ OˆX,p such that x = xλ1, y = yλ2, z = zλ3.
z = 0 is a local equation for a component of DX . We have that v ∈ (z) ∩ R and
u 6∈ (z) ∩ R so that (z) ∩ R = (v) or (z) ∩ R = a where a is a height two prime
containing v. We have (zSˆ)∩ Rˆ = (v, wi). Suppose that (z)∩R = (v). We then have
an induced morphism
Rˆ/(v)→ Sˆ/(z)
which is an inclusion by the Zariski Subspace Theorem (Theorem 10.14 [Ab3]). This
is impossible, so that a is a height 2 prime in R, and defines a curve C, which is
necessarily in the fundamental locus of f since z = 0 is a local equation at p of a
component of DX which dominates C. A similar argument shows that in (225), (216)
and (221), v = wi = 0 is a formal branch of an algebraic curve C in the fundamental
locus of f .
Step 2. Let C be the reduced curve in Y whose components are the curves in the
fundamental locus of f which are not 2-curves. Let C be the reduced curve in Yn
which is the strict transform of C. The components of C are then in the fundamental
locus of fn. By Theorem 9.2, we can perform a sequence of blow ups of prepared
1-points, prepared 2-points, 2-curves and resolving curves Ψ′ : Y ′ → Yn so that we
can construct a τ -quasi-well prepared diagram of Ψ′ and Rn
X ′
f ′
→ Y ′
Φ′ ↓ ↓ Ψ′
Xn → Yn
(230)
where R′ is the transform of Rn on X ′, such that the strict transform C˜ of C on Y ′ is
nonsingular, and makes SNCs with DY ′ . If q
′ ∈ U(R′i) ∩ C˜ for some i then the germ
at q′ of C˜ is contained in SR′
i
(q′), and the (disjoint) components of C˜ are permissible
centers for R′.
Let Ψ(1) : Y (1)→ Y ′ be the blow up of C˜. By Theorem 9.2, we have a τ -quasi-well
prepared diagram of Ψ(1) and R′
X(1)
f(1)
→ Y (1)
Φ(1) ↓ ↓ Ψ(1)
X ′
f ′
→ Y ′.
(231)
Let R(1) be the transform of R′ on X(1).
Suppose that q ∈ U(R) ⊂ Y is a 2-point. Suppose that q˜ ∈ (Ψ ◦ Ψ′)−1(q) and
(f ′)−1(q˜) ∩ T (R′i) 6= ∅. Then q ∈ A0.
Let
u˜ = u
R
′
i(q˜)
, v˜ = v
R
′
i(q˜)
, w˜i = wR′i(q˜)
,
u = u
R(q), v = vR(q), wi = wRi(q).
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We have (since q ∈ A0 and Ψ ◦Ψ′ is a sequence of blow ups of points and 2-curves
at q˜) one of the following forms (by (118) - (120):
u = u˜av˜b, v = u˜cv˜d, wi = u˜
lv˜mw˜i (232)
with ad− bc = ±1 and l > 0 if c > 0, m > 0 if b > 0, or
u = (u˜av˜b)tγ1(u˜, v˜), v = (u˜
av˜b)kγ2(u˜, v˜), wi = u˜
ev˜f w˜iγ3(u˜, v˜) (233)
where γ1, γ2, γ3 are unit series, a, b, t, k, e, f > 0, gcd(a, b) = 1, or
u = u˜aγ1(u˜, v˜), v = u˜
bγ2(u˜, v˜), wi = u˜
cw˜iγ3(u˜, v˜) (234)
where γ1, γ2, γ3 are unit series, a, b, c > 0.
We have that (Ψ ◦ Ψ′)(E) = q for all components E of DY ′ containing q˜ (which
implies q˜ 6∈ C˜) unless q˜ is a 2-point, and we have an expression
u = u˜
v = u˜cv˜
wi = u˜
lv˜mw˜i
(235)
with c, l > 0 or
u = u˜v˜b
v = v˜
wi = u˜
lv˜mw˜i
with b,m > 0.
Let q∗ = Ψ′(q˜). q∗ is a 2-point and f−1(q∗) ∩ T (R′i) 6= ∅. After possibly inter-
changing u and v we have that a form (213) holds at q, and thus by (226) - (229) that
v = wi = 0 are local equations of a formal component of C at q. (235) thus holds at
q˜, and since Ψ′ is a sequence of blow ups of points and 2-curves at q˜, m = 0 in (235).
We thus have an expression
u = u˜, v = u˜ev˜, wi = u˜
f w˜i (236)
for some e, f > 0. v˜ = 0 is a local equation of the strict transform of DY at q˜, and
v˜ = w˜i = 0 are local equations of C˜ at q˜ since C˜ is nonsingular.
Suppose that q ∈ (Ψ ◦ Ψ′ ◦ Ψ(1))−1(q) and f(1)−1(q) ∩ T (Ri(1)) 6= ∅. Let q˜ =
Ψ(1)(q). then (f ′)−1(q˜) ∩ T (R′i) 6= ∅. If q˜ 6∈ C˜ (so that q = q˜) then we have seen
that (Ψ ◦Ψ′)(E) = q for all components E of DY ′ containing q˜. Suppose that q˜ ∈ C˜.
Then an expression (236) holds at q˜.
Ψ(1) is the blow up of v˜ = w˜i = 0 above q˜. Since q ∈ U(Ri(1)), we must have
u˜ = u
Ri(1)(q)
, v˜ = v
Ri(1)(q)
, w˜i = vRi(1)(q)wRi(1)(q).
Substituting into (236), we have
u = u
Ri(1)(q)
, v = ue
Ri(1)(q)
v
Ri(1)(q)
, wi = u
f
Ri(1)(q)
v
Ri(1)(q)
w
Ri(1)(q)
(237)
with e, f ≥ 1.
Suppose that q ∈ U(R) ⊂ Y is a 1-point. Then Ψ is an isomorphism over q.
Suppose that q˜ ∈ (Ψ ◦Ψ′)−1(q) and (f ′)−1(q˜) ∩ T (R′i) 6= ∅. Let
u˜ = u
R
′
i(q˜)
, v˜ = v
R
′
i(q˜)
, w˜i = wR′i(q˜)
,
u = u
Ri(q)
, v = v
Ri(q)
, wi = wRi(q).
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We have that u = wi = 0 are local equations of C since T (Ri) ∩ f−1(q) 6= ∅, by
Remark 9.6. Then Ψ′ is either an isomorphism at q˜, or factors at q˜ as the blow up of
q, followed by a sequence of blow ups of 2-points and 2-curves.
First suppose that Ψ′ is not an isomorphism at q˜. We have one of the following
forms (by (118) - (120):
u = u˜av˜b, v = u˜cv˜d, wi = u˜
lv˜mw˜i (238)
with ad− bc = ±1 and l > 0 if c > 0, m > 0 if b > 0, or
u = (u˜av˜b)tγ1(u˜, v˜), v = (u˜
av˜b)kγ2(u˜, v˜), wi = u˜
ev˜f w˜iγ3(u˜, v˜) (239)
where γ1, γ2, γ3 are unit series, a, b, t, k, e, f > 0, gcd(a, b) = 1, or
u = u˜aγ1(u˜, v˜), v = u˜
bγ2(u˜, v˜), wi = u˜
cw˜iγ3(u˜, v˜) (240)
where γ1, γ2, γ3 are unit series, a, b, c > 0.
We have that Ψ′(E) = q for all components E of DY ′ containing q˜, (which implies
q˜ 6∈ C˜) unless we have an expression
u = u˜v˜b
v = v˜
wi = u˜
lv˜mw˜i
(241)
with b,m > 0.
Since Ψ′ is an isomorphism over a generic point of every component of C, we have
that q˜ is a 2-point and
u = u˜v˜m, v = v˜, wi = v˜
nw˜i (242)
with m,n ≥ 1. u˜ = w˜i = 0 are local equations of C˜ at q˜.
Suppose that q ∈ (Ψ ◦ Ψ′ ◦ Ψ(1))−1(q) and f(1)−1(q) ∩ T (Ri(1)) 6= ∅. Let q˜ =
Ψ(1)(q). then (f ′)−1(q˜) ∩ T (R′i) 6= ∅. If q˜ 6∈ C˜ (so that q = q˜) then we have seen
that (Ψ ◦Ψ′)(E) = q for all components E of DY ′ containing q˜. Suppose that q˜ ∈ C˜.
Then an expression (242) holds at q˜. Then q is a 2-point with
u˜ = u
Ri(1)(q)
, v˜ = v
Ri(1)(q)
, w˜i = uRi(1)(q)wRi(1)(q),
and thus
u = u
Ri(1)(q)
vm
Ri(1)(q)
, v = v
Ri(1)(q)
, wi = uRi(1)(q)v
n
Ri(1)(q)
w
Ri(1)(q)
(243)
with m,n ≥ 1.
Now suppose that Ψ′ is an isomorphism over q (q ∈ U(R) is a 1-point), and
q ∈ Ψ(1)−1(q) is such that f(1)−1(q) ∩ T (Ri(1)) 6= ∅. then q is a 1-point, and (by
Remark 9.6)
u = u
Ri(1)(q)
, v = v
Ri(1)(q)
, wi = uRi(1)(q)wRi(1)(q). (244)
Step 3. We now apply steps 1 and 2 of the proof to f(1) : X(1)→ Y (1) and R(1).
We construct a τ -quasi-well prepared diagram
X(2)
f(2)
→ Y (2)
Φ(2) ↓ ↓ Ψ(2)
X(1)
f(1)
→ Y (1),
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where R(2) is the transform of R(1) on X(2). Suppose that q2 ∈ U(Ri(2)) ⊂ Y (2)
is on a component E2 of DY (2) such that Ψ ◦ Ψ
′ ◦ Ψ(1) ◦ Ψ(2)(E2) is not a point of
Y and there exists a point p2 ∈ f(2)−1(q2) ∩ T (Ri(2)) ⊂ X(2). Let q1 = Ψ(2)(q2).
Ψ2(2)(E2) is necessarily not a point of Y (1).
Suppose that q1 is a 2-point. Then we have an expression (analogous to (237)):
u
Ri(1)(q1)
= u
Ri(2)(q2)
v
Ri(1)(q1)
= ue
Ri(2)(q2)
v
Ri(2)(q2)
w
Ri(1)(q1)
= uf
Ri(2)(q2)
v
Ri(2)(q2)
w
Ri(2)(q2)
(245)
or
u
Ri(1)(q1)
= u
Ri(2)(q2)
ve
Ri(2)(q2)
v
Ri(1)(q1)
= v
Ri(2)(q2)
w
Ri(1)(q1)
= u
Ri(2)(q2)
vf
Ri(2)(q2)
w
Ri(2)(q2)
(246)
with e, f ≥ 1.
Let q = (Ψ ◦Ψ′ ◦Ψ(1))(q1). Since q1 lies on a component E1 of DY (1) which does
not contract to a point of Y , and f(1)−1(q1) ∩ T (Ri(1)) 6= ∅, a form (237) or (243)
holds for
u = u
Ri(q)
, v = v
Ri(q)
, wi = wRi(q)
and
u
Ri(1)(q1)
, v
Ri(1)(q1)
, w
Ri(1)(q1)
.
Suppose that (237) holds at q1. Substituting (245) and (246) into (237), we see
that since q2 is on a component E2 of DY (2) which does not contract to q, then we
have that (245) holds, and an expression
u = uRi(q) = uRi(2)(q2)
v = vRi(q) = u
e2
Ri(2)(q2)
v
Ri(2)(q2)
w = wRi(q) = u
f2
Ri(2)(q2)
v2
Ri(2)(q2)
w
Ri(2)(q2)
(247)
with e2, f2 ≥ 2.
Suppose that (243) holds at q1. Substituting (245) or (246) into (243), we see that
since q2 is on a component of DY (2) which does not contract to q, we have that (246)
holds we have and an expression
u = u
Ri(2)(q2)
ve2
Ri(2)(q2)
, v = v
Ri(2)(q2)
, wi = u
2
Ri(2)(q2)
vf2
Ri(2)(q2)
w
Ri(2)(q2)
(248)
with e2, f2 ≥ 2.
Suppose that q1 is a 1-point. Then we have an expression (analogous to (243))
u
Ri(1)(q1)
= u
Ri(2)(q2)
vm
Ri(2)(q2)
,
v
Ri(1)(q1)
= v
Ri(2)(q2)
,
w
Ri(1)(q1)
= u
Ri(2)(q2)
vn
Ri(2)(q2)
w
Ri(2)(q2)
(249)
with m,n ≥ 1, or (analogous to (244))
u
Ri(1)(q1)
= u
Ri(2)(q2)
, v
Ri(1)(q1)
= v
Ri(2)(q2)
, w
Ri(1)(q1)
= u
Ri(2)(q2)
w
Ri(2)(q2)
.
(250)
Since q1 lies on a component E1 of DY (1) which does not contract to a point of Y ,
and f(1)−1(q1) ∩ T (Ri(1)) 6= ∅, a form (244) holds at q1 for
u = u
Ri(q)
, v = v
Ri(q)
, wi = wRi(q)
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and
u
R1(1)(q1)
, v
Ri(1)(q1)
, w
Ri(1)(q1)
.
Substituting (249) and (250) into (244), we see that since q1 is on a component E1
of DY (1) which does not contract to q, we have
u = u
Ri(2)(q2)
vm
Ri(2)(q2)
, v = v
Ri(2)(q2)
, wi = u
2
Ri(2)(q2)
vn
Ri(2)(q2)
w
Ri(2)(q2)
(251)
with m,n ≥ 0.
Iterating steps 1 and 2, we construct a sequence of τ -quasi-well prepared diagrams
...
...
↓ ↓
X(n)
f(n)
→ Y (n)
Φ(n) ↓ ↓ Ψ(n)
X(n− 1)
f(n−1)
→ Y (n− 1)
↓ ↓
...
...
↓ ↓
X(1)
f(1)
→ Y (1)
Φ(1) ↓ ↓ Ψ(1)
X
f
→ Y.
(252)
We continue this algorithm as long as there exists qn ∈ U(Ri(n)) for some i such
that qn is on a component E of DY (n) which does not contract to a point of Y , and
f(n)−1(qn) ∩ T (Ri(n)) 6= ∅.
Step 4. Suppose that the algorithm never terminates.
Let ν be a 0-dimensional valuation of k(X). We will say that ν is resolved on X(n)
if the center of ν on X(n) is at a point pn of X(n) such that either pn 6∈ T (R(n)) or
pn ∈ T (R(n)) and all components E of DY (n) containing qn = f(n)(pn) contract to a
point of Y .
By our construction, if ν is resolved on X(n), then ν is resolved on X(m) for all
m ≥ n. Further, the set of ν in the Zariski-Riemann manifold Ω(X) of X [Z] which
are resolved on X is an open subset of Ω(X).
Suppose that ν is a 0-dimensional valuation of k(X) such that ν is not resolved on
X(n) for all n. Let pn be the center of ν on X(n), qn be the center of ν on Y (n).
For all n, we identify ν with an extension of ν to the quotient field of OˆXn,pn which
dominates OˆXn,pn .
First suppose that the center of ν on Y is a 2-point.
There exists an i such that for all n, qn ∈ U(Ri(n)) and pn ∈ f(n)−1(qn)∩T (Ri(n)).
We have expressions (after possibly interchanging u and v)
u = u
Ri(q)
= u
Ri(n)(qn)
v = v
Ri(q)
= uen
Ri(n)(qn)
v
Ri(n)(qn)
w = w
Ri(q)
= ufn
Ri(n)(qn)
vn
Ri(n)(qn)
w
Ri(n)(qn)
(253)
with en, fn ≥ n for all n.
From (253), we see that
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ν(v) > nν(u) for all n ∈ N. (254)
Thus ν is a composite valuation, and there exists a prime ideal P of the valuation
ring V of ν such that v ∈ P , u 6∈ P . Let ν1 be a valuation whose valuation ring is
VP . We have ν1(u) = 0, ν1(v) > 0. From (253) we see that
ν1(w) > nν1(v) > 0 (255)
for all n ∈ N.
At p = p0 ∈ X , we have a form (216), (221), (224) or (225). In (216) we have
ν1(x) = 0 and d > 0, a contradiction to (255). In (224) we have ν1(y) = 0. uv = 0
is a local equation of DX at p. Thus either a > 0 or d > 0. If a > 0 then ν1(x) = 0
and ν1(z) > 0, a contradiction to (255) since f 6= 0. If d > 0, we again have a
contradiction to (255). In (225) we have a contradiction to (255), since ν1(x) = 0 and
e, f > 0.
Suppose that (221) holds. In this case a more detailed analysis is required. By our
construction and with the notation of steps 1 and 2, there exists a factorization
X(1)
f(1)
→ Y (1)
Φ(1) ↓ ↓ Ψ(1)
X ′
f ′
→ Y ′
Φ′ ↓ ↓ Ψ′
Xn
fn
→ Yn
Φ ↓ ↓ Ψ
X
f
→ Y.
Recall that p1 is the center of ν on X(1), p is the center of ν on X , q1 is the center
of ν on Y (1), and q is the center of ν on Y .
Let p′ be the center of ν on X ′, q′ be the center of ν on Y ′.
At q′, Y ′ → Y is a sequence of blow ups of prepared 2-points of type 1, and
2-curves, and at p′,
X ′ → Y ′
↓ ↓
X → Y
is obtained by iterating the constructions of Remark 8.3 and Lemma 8.6.
Let
u′ = u
R
′
i(q
′)
, v′ = v
R
′
i(q
′)
, w′i = wR′i(q′)
.
By equations (254), (255) and (221) we see that
ν(y) > nν(x) and ν1(x) = 0, ν1(z) > nν1(y) (256)
for all n ∈ N.
We see (by a variant of the analysis of (221), using (256)), that there exist permis-
sible parameters x′, y′, z′ at p′ such that
u′ = (x′)a, v′ = (x′)c
′
(y′)d, w′i = (x
′)e
′
(y′)fz′
where a, d, f are the constants of (221) and c′, e′ ∈ N. Ψ(1) is the blow up of the
curve C˜ which has local equations v′ = w′i = 0 at q
′. The construction of X(1)→ X ′
(Remark 8.11) is analogous to the analysis of Lemma 8.4. There exists a factorization
X(1) =Wm → · · · →W2 →W1 → X
′
whereW1 → X ′ is a sequence of blow ups of 2-curves and 3-points, and eachWi+1 →
Wi is a curve containing a 1-point in the locus where IC˜OWi is not invertible.
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Let p˜i be the center of ν on Wi. By the analysis of the proof of Lemma 8.4, and
(256), we see that there exist permissible parameters x˜1, y˜1, z˜1 at p˜1 such that
u′ = x˜a1 , v
′ = x˜c11 y˜
d
1 , w
′
i = x˜
e1
1 y˜
f
1 z˜1
with (c1, d) ≤ (e1, f), or d ≥ f and (c1, d) 6≤ (e1, f).
If (c1, d) ≤ (e1, f), then X(1)→W1 is an isomorphism at p1, and we have
u′ = u
Ri(1)(q1)
, v′ = v
Ri(1)(q1)
, w′i = wRi(1)(q1)vRi(1)(q1).
We have
u
Ri(1)(q1)
= x˜a1 , vRi(1)(q1) = x˜
c1
1 y˜
d
1 , wRi(1)(q1) = x˜
e1−c1
1 y˜
f−d
1 z˜1. (257)
Suppose that d ≥ f and (c, d) 6≤ (e1, f). We may assume without loss of generality
that each Wi+1 → Wi is not an isomorphism at the center of ν.
W2 →W1 is the blow up of a curve which either has local equations
x˜1 = z˜1 = 0 (258)
(and c1 > e1), or
y˜1 = z˜1 = 0 (259)
(and d > f).
By (256), there exist permissible parameters x˜2, y˜2, z˜2 at p˜2 such that
x˜1 = x˜2, y˜1 = y˜2, z˜1 = x˜2z˜2
if (258) holds,
x˜1 = x˜2, y˜1 = y˜2, z˜1 = y˜2z˜2
if (259) holds.
We then have that
u′ = x˜a2 , v
′ = x˜c12 y˜
d
2 , w
′
i = x˜
e1+1
2 y˜
f
2 z˜1
or
u′ = x˜a2 , v
′ = x˜c12 y˜
d
2 , w
′
i = x˜
e1
2 y˜
f+1
2 z˜1.
By iteration of this analysis for local equations ofWi+1 →Wi, we see that at p1 = p˜m,
we have permissible parameters x˜m, y˜m, z˜m such that
u′ = x˜am, v
′ = x˜c1m y˜
d
m, w
′
i = x˜
e1
m y˜
d
mz˜m
with e1 ≥ c1.
We have
u
Ri(1)(q1)
= x˜am, vRi(1)(q1) = x˜
c1
m y˜
d
m, wRi(1)(q1) = x˜
e1−c1
m z˜m. (260)
We see by the analysis of (221) that ν is resolved on X(2) if (260) holds, so we must
have that (257) holds at p˜1. Observe that we must have a reduction f1 = f − d < f
in (257) from (221).
iterating this analysis, we see that we must reach the case (260) after a finite
number of iterations of step 2. This is a contradiction to the assumption that ν is
never resolved on X(n).
Now suppose that the center of ν on Y is a 1-point. Then there exists an i such
that for all n, qn ∈ U(Ri(n)) and pn ∈ f(n)
−1(qn) ∩ T (Ri(n)), and either qn is a
2-point for n >> 0 or qn is a 1-point for all n.
q = q0 ∈ Y is a 1-point and p = p0 ∈ f−1(q) ∩ T (Ri). Let
u = u
Ri(q)
, v = v
Ri(q)
, w = w
Ri(q)
.
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If τ > 0, there exist permissible parameters x, y, z at p such that one of the following
forms hold: p a 1-point
u = xa, v = y, wi = x
b(γ(x, y) + xc−bz) (261)
where γ is a unit series or p a 2-point
u = (xayb)k, v = z, wi = (x
ayb)t(γ(xayb, z) + xcyd) (262)
where γ is a unit series.
If τ = 0, then there exist permissible parameters x, y, z at p such that either p is a
1-point and
u = xa, v = y, wi = x
b(β + z) (263)
with β ∈ k, b > 0, or p is a 2-point and
u = (xayb)k, v = z, wi = x
cyd (264)
with ad− bc 6= 0.
Suppose that there exists n0 such that qn is a 2-point for all n ≥ n0. Suppose that
n ≥ n0. Then by comparing (244), (243) and (245) or (246), we see that (245) cannot
occur (since we assume some component of DY (n) containing qn does not contract to
q). We have an expression:
u = u
Ri(n)
ven
Ri(n)
,
v = v
Ri(n)
,
wi = u
fn
Ri(n)
vgn
Ri(n)
w
Ri(n)
,
and en, fn, gn ≥ n− n0.
We have ν(u) > nν(v) > 0 for all n ∈ N. Thus ν is a composite valuation, and
there exists a prime ideal P of the valuation ring V of ν such that u ∈ P , v 6∈ P .
Let ν1 be a valuation whose valuation ring is VP . We have ν1(v) = 0, ν1(u) > 0. We
further have
ν1(wi) > nν1(u) > 0 (265)
for all n ∈ N.
Suppose that τ > 0 (and qn is a 2-point for n ≥ n0). At p = p0 ∈ X , we have a
form (261) or (262). In (261) we have
ν1(wi) =
b
a
ν1(u)
and in (262) we have
ν1(wi) =
t
k
ν1(u),
a contradiction (to (265).
Suppose that τ = 0. If β 6= 0 in (263), then the analysis is the same as for the
τ > 0 case, so we may assume that β = 0 if (263) holds.
If (263) holds with β = 0, or if (264) holds, we finish the analysis in a similar way
to the proof when q is a 2-point, and τ = 0, given above.
The final case is when qn is a 1-point for all n. From (244) (and Remark 9.6) we
see that
u = u
Ri(q)
= u
Ri(n)(qn)
, v = v
Ri(q)
= v
Ri(n)(qn)
, wi = wRi(q) = u
n
Ri(n)(qn)
w
Ri(n)(qn)
,
so that
ν(wi) > nν(u) > 0 (266)
for all n ∈ N.
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Suppose that τ > 0 (and qn is a 1-point for all n). At p = p0 ∈ X we have a form
(261) or (262), which implies
ν(wi) =
b
a
ν(u)
or
ν(wi) =
t
k
ν(u),
a contradiction to (266).
When τ = 0, the proof follows in a similar way to the proof when q is a 2-point
and τ = 0.
We have shown that for all 0-dimensional valuations ν of k(X), there exists n such
that ν is resolved on X(n).
By compactness of the Zariski-Riemann manifold [Z] there exists N such that all
ν ∈ Ω(X) are resolved on X(N), a contradiction to our assumption that (252) is of
infinite length. The diagram
X(N) → Y (N)
↓ ↓
X → Y
thus satisfies the conclusions of Theorem 9.7.

Theorem 9.8. Suppose that τ ≥ 0, f : X → Y is τ-quasi-well prepared with relation
R. Then there exists a commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
such that Φ and Ψ are products of blow ups of possible centers and f1 is τ-quasi-well
prepared with relation R1 and pre-algebraic structure. Further, R has an algebraic
structure. (R1 will in general not be the transform of R.)
Proof. By Theorem 9.7 there exists a τ -quasi-well prepared diagram (201) as in the
hypothesis of Lemma 9.5. Then Lemma 9.5 implies that the conclusions of Theorem
9.8 hold. 
Lemma 9.9. Suppose that τ ≥ 0, f : X → Y is τ-quasi-well prepared with relation R
and pre-algebraic structure (or τ-well prepared with relation R), q ∈ U(R) is a 2-point
and p ∈ f−1(q)∩T (Ri) for some i. Suppose that E is a component of DY containing
q. Let C = E · S
Ri
(q).
Let Ψn : Yn → Y be obtained by blowing up q, then blowing up the point q1 which
is the intersection of the exceptional divisor over q and the strict transform of C on
Y1, and iterating this procedure n times, blowing up the intersection point of the last
exceptional divisor with the strict transform of C. Let
Xn
fn
→ Yn
Φn ↓ ↓ Ψn
X
f
→ Y
be a τ-quasi-well prepared (or τ-well prepared) diagram of R and Ψn obtained from
Lemma 8.6 (so that Φn is an isomorphism above f
−1(Y − Σ(Y ))).
Suppose that for all n > 0 there exists a point pn ∈ Φ−1n (p) ∩ T (R
n
i ) such that
fn(pn) = qn ∈ Ψ−1n (q) ∩ Cn, where Cn is the strict transform of C on Yn. Then C is
a component of the fundamental locus of f .
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Proof. The proof follows from Step 1 of the proof of Theorem 9.7. Let
u = u
Ri(q)
, v = v
Ri(q)
, wi = wRi(q).
After possibly interchanging u and v, v = wi = 0 are local equations of C at q.
By our construction of Ψn, we have that
u1 = uRni (qn)
, v1 = vRni (qn)
, wi,1 = wRni (qn)
are defined by
u = u1, v = u
n
1v1, wi = u
n
1wi,1.
We must have an expression (216), (221), (224) or (225). It follows, as in the
analysis of step 1 of Theorem 9.7 that C is in the fundamental locus of f .

Theorem 9.10. Suppose that τ ≥ 0 and f : X → Y is τ-quasi-well prepared with
relation R and pre-algebraic structure. Further suppose that R has an algebraic struc-
ture. Then there exists a commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
such that Φ,Ψ are products of blow ups of possible centers and f1 is τ-well prepared
with relation R1. (In general, R1 is not the transform of R).
Proof. 1 and 2 of Definition 7.3 of a τ -well prepared relation R hold by assumption.
For i 6= j, Let Hij be the set of points q ∈ U(Ri) ∩ U(Rj) such that neither an
expression (130) nor (131) of 3 of Definition 7.3 holds between w
Ri(q)
and w
Rj(q)
. We
see by 3 of Definition 7.1 (and (118) - (120)) that Hij is a finite set.
Let Ψ˜1 : Y˜1 → Y be the blow up of the union of the sets
{q ∈ Hij | f
−1(Hij) ∩ [T (Ri) ∪ T (Rj)] 6= ∅}.
By Lemmas 8.6 and 8.8, there exists a τ -quasi-well prepared diagram
X˜1
f˜1
→ Y˜1
Φ˜1 ↓ ↓ Ψ˜1
X
f
→ Y.
We define finite sets H1ij in the same way for the transform R˜
1 of R, and iterate to
construct a τ -quasi-well prepared diagram
X˜n
f˜n
→ Y˜n
Φ˜n ↓ ↓ Ψ˜n
X˜n−1
f˜n−1
→ Y˜n−1
...
...
↓ ↓
X˜1
f˜1
→ Y˜1
Φ˜1 ↓ ↓ Ψ˜1
X
f
→ Y,
(267)
continuing as long as f˜−1n (H
n
ij) ∩ [T (R
n
i ) ∪ T (R
n
j )] 6= ∅ for some i 6= j.
Suppose that (267) doesn’t terminate after a finite number of blow ups n. Then
there exist i 6= j and a valuation ν of the function field k(X) of X such that the center
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pn of ν on X˜n and the center qn of ν on Y˜n satisfy qn ∈ Hnij , pn ∈ f˜
−1
n (H
n
ij) ∩ T (R˜
n
i )
for all n.
For all n, we may identify ν with an extension of ν to the quotient field of OˆX˜n,pn
which dominates OˆX˜n,pn .
Let
un = uRni (qn)
, vn = vRni (qn)
, wni = wRni (qn)
, wnj = wRnj (qn)
.
We have
un = un+1, vn = un+1(vn+1 + αn+1), wni = un+1wn+1,i, wnj = un+1wn+1,j
(268)
with αn+1 ∈ k, or
un = un+1vn+1, vn = vn+1, wni = vn+1wn+1,i, wnj = vn+1wn+1,j
(269)
for all n.
The relation
wnj = wni + λ
n
ij(un, vn)
of 3 of Definition 7.1 transforms as
λn+1ij (un+1, vn+1) =
λnij(un+1, un+1(vn+1 + αn+1))
un+1
if (268) holds, and transforms as
λn+1ij (un+1, vn+1) =
λnij(un+1vn+1, vn+1)
vn+1
if (269) holds.
Let Fn be the germ at qn of the divisor λnij = 0. By embedded resolution of plane
curve singularities, there exists n0 such that DX˜n + Fn is a SNC divisor at qn for all
n ≥ n0. If qn is a 2-point for some n ≥ n0, we have that qn 6∈ H
n
ij , a contradiction, so
we have that qn is a 1-point for all n ≥ n0. Thus a form (268) holds for all n ≥ n0.
We have
wn0i = u
n−n0
n0
wni.
Thus
ν(wn0i) > nν(un0) > 0 (270)
for all positive n.
Suppose that τ > 0. Since qn0 ∈ U(R˜
n0
i ) is a 1-point, we have permissible param-
eters x, y, z at pn0 such that
un0 = x
a, vn0 = y, wn0i = x
cγ (271)
where γ ∈ OˆX˜n0 ,pn0
is a unit series, or
un0 = (x
ayb)k, vn0 = z, wn0,i = (x
ayb)lγ (272)
where γ ∈ OˆX˜n0 ,pn0
is a unit series. In either case, we have a contradiction to (270).
If τ = 0, then we have one of the following forms at pn0 .
un0 = x
a, vn0 = y, wn0i = x
c(z + β)
with β ∈ k, or
un0 = (x
ayb)k, vn0 = z, wn0,i = x
cyd
with a, b > 0 and ad− bc 6= 0.
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We obtain a contradiction to (270), as in the τ = 0 case, unless we have the form
un0 = x
a, vn0 = y, wn0i = x
cz.
Now by an argument similar to the case τ = 0 of Theorem 9.7, we obtain
τf˜n(pn) = −∞
for n >> 0, a contradiction.
Thus (267) terminates in a finite number of steps n. Let (Rn)′ be the restriction
of R˜n, defined by
U((Rn)′i) = f˜n(T (R˜
n
i )).
Let
Ω((Rn)′i) = Ω(R˜
n
i )− [U(R˜
n
i )− U((R
n)′)].
We have that f˜n : X˜n → Y˜n with relation (Rn)′ satisfies 1, 2 and 3 of Definition
7.3 of a τ -well prepared morphism.
There exists a sequence of blow ups of 2-curves Ψ1 : Y1 → Y˜n such that 4 (as well
as 3) of Definition 7.3 hold for the transforms {R
1
i } of the {(R
n
)′i} on Y1 at all 2-
points of U((R
n
)′i), by Lemma 5.14 [C6]). By Lemma 8.1, there exists a τ -quasi-well
prepared diagram
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X˜n
f˜n
→ Y˜n
of (Rn)′i and Ψ1 where Φ1 is a product of blow ups of 2-curves. Let R
1 be the
transform of (Rn)′ on X1. f1 is τ -well prepared with relation R
1. 
Theorem 9.11. Suppose that τ ≥ 0 and f : X → Y is τ-well prepared with relation
R. Then there exists a commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
such that Φ,Ψ are products of blow ups of possible centers and f1 is τ-very-well pre-
pared with relation R1. (In general, R1 is not the transform of R).
Proof. Let Ω = GY (f, τ)−Θ(f, Y ). Ω is a finite set by Remark 5.16.
Let R′ be the restriction of R to Ω. R′ has algebraic structure determined by the
algebraic structure of R.
By Theorem 9.3, there exists a τ -well prepared diagram
X2
f2
→ Y2
Φ2 ↓ ↓ Ψ2
X
f
→ Y
for R where Φ2 and Ψ2 are products of blow ups of possible centers such that f2 is
τ -well prepared for the transform R2 of R′, and there exists an open subset V ⊂ Y
such that Y − V is a finite set of points and f2 is toroidal over Ψ
−1
2 (V ). Further,
V ∩GY (f, τ) = Θ(f, Y ). Since Ω is finite, we may modify the R′, so that U(R′i) is a
single point {qi} for all primitive relations R′i associated to R
′.
Let R2i be a primitive relation associated to R
2. Then U(R′i) = {qi} for some
qi ∈ Ω. Ω(R
′
i) is a neighborhood of qi on a surface in Y , and Ω(R
2
i ) → Ω(R
′
i)
is a projective birational map. Suppose that E is a component of DY2 such that
γ = E · Ω(R2i ) dominates a curve (containing qi) of Ω(R
′
i). Then a general point η
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of γ is a 1-point over which f2 is toroidal, since Ψ2(η) ∈ V . Hence f2 is finite over a
general point of γ, and γ is not in the fundamental locus of f2. Further, by Remark
9.6, if q ∈ γ ∩ U(R2i ), and f
−1
2 (q) ∩ T (R
2
i ) 6= ∅, then q is a 2-point.
By Lemma 9.9, there exists a τ -well prepared diagram (for R2)
X3
f3
→ Y3
Φ3 ↓ ↓ Ψ3
X2
f2
→ Y2
where Ψ3 is a product of blow ups of prepared 2-points (of type 1 in Definition 7.5)
such that if R3i is a primitive relation associated to the transform R
3 of R2, E is a
component of DY3 , and γ = E · Ω(R
3
i ) is not exceptional for Ω(R
3
i ) → Ω(R
′
i), then
γ ∩ f3(T (R3i )) = ∅. We further have that f3(T (R
3)) ∩ γ = ∅. We see this as follows.
Suppose that p ∈ f3(T (R3)) ∩ γ. Ψ3(E) is a component of DY2 . Thus p is on the
strict transform γ′ of Ψ3(E) · Ω(R2j ) on Y3, which is not exceptional for Ψ2. Since
γ′ = E · Ω(R3j ), we have a contradiction.
Let
W3 =
{
γ = SR3
i
(q) ·E such that E is a component of DY3 ,
R3i is associated to R
3 and q ∈ f3(T (R3)) ∩ U(R
3
i )
}
.
We have that all γ ∈W3 contract to a point on Y1. Let
Z3 =
{
q ∈ U(R3)− f3(T (R3)) such that there exist γi, γj ∈W3
such that γi 6= γj and q ∈ γi ∩ γj .
}
Suppose that q ∈ Z3. Then there exist γi = SR3
i
(pi) ·E1 ∈ W3 and γj =
SR3
j
(pj) · E2 ∈ W3 such that q ∈ γi ∩ γj and γi 6= γj .
γi and γj are exceptional, so they contract to the common point qi = qj ∈ U(R′).
thus γi and γj are contained in Ω(R
3
i ) and Ω(R
3
j ) respectively.
The points of Z3 are prepared 2-points for R
3 (of type 1 of Definition 7.5). Let
Ψ4 : Y4 → Y3 be the blow up of Z3. By Lemma 8.6, there exists a τ -well prepared
diagram
X4
f4
→ Y4
Φ4 ↓ ↓ Ψ4
X3
f3
→ Y3
of R3 and Ψ4. Let R
4 be the transform of R3 on X4.
Define
W4 =
{
γ = S
R
4
i
(q) ·E such that E is a component of DY4 ,
R4i is associated to R
4 and q ∈ Ψ−14 (f3(T (R
3))) ∩ U(R
4
i )
}
,
Z4 =
{
q ∈ U(R4)−Ψ−14 (f3(T (R
3))) such that there exist γi, γj ∈W4
such that γi 6= γj and q ∈ γi ∩ γj.
}
We necessarily have that the curves in W4 are strict transforms of curves in W3.
We can iterate, blowing up Z4, and constructing a τ -well prepared diagram, and
repeating until we eventually construct a τ -well prepared diagram of R4
X5
f5
→ Y5
Φ5 ↓ ↓ Ψ5
X4
f4
→ Y4
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such that Ψ5 is a sequence of blow ups of prepared 2-points (of type 1 of Definition 7.5)
and if γ1 = SR5i
(qi) ·Ei, γ2 = SR5j
(qj) ·Ej , for qi ∈ U(R
5
i ) ∩ (Ψ4 ◦ Ψ5)
−1(f3(T (R
3)))
(where R5 is the transform of R4) and E1, E2 components of DY5 , are such that
γ1 6= γ2, then γ1 ∩ γ2 ⊂ U(R
5) ∩ (Ψ4 ◦Ψ5)
−1(f3(T (R
3)).
We now construct pre-relations R
∗
i on Y5 with associated primitive relations R
∗
i
for f5.
Let T (R∗i ) = T (R
5
i ) and let
U(R∗i ) = U(R
5
i ) ∩ (Ψ4 ◦Ψ5)
−1(f3(T (R
3))). (273)
For q′ ∈ U(R
∗
i ), define R
∗
i (q
′) = R
5
i (q
′). For p ∈ T (R∗i ) define R
∗
i (p) = R
5
i (f5(p)).
Let R∗ be the relation for f5 defined by the R
∗
i . Let Ω(R
∗
i ) = Ω(R
5
i ).
For all R
∗
i , let
Vi(Y5) =
{
γ = Eα · SR∗i
(q) such that q ∈ U(R
∗
i ), Eα is a component of DY5
}
.
Recall that these curves are all exceptional for Ψ2 ◦Ψ3 ◦Ψ4 ◦Ψ5.
By our construction, Lemmas 8.4, 8.1, 8.6, 8.7 and 8.8, and Remark 8.2 and 2
of Remark 8.11, every curve γ ∈ Vi(Y5) is prepared for R5 of type 6. By (273), we
now conclude that every curve γ ∈ Vi(Y5) is prepared for R∗ of type 6. 1 and 2 of
Definition 7.7 thus hold for f5 and R
∗. 3 of Definition 7.7 holds for f5 and R
∗ since
for all R
∗
i , Vi(Y5) consists of exceptional curves of Ω(R
∗
i ) contracting to a nonsingular
point qi ∈ Ω(R
′
i). Thus f5 is τ -very-well prepared with relation R
∗.

Theorem 9.12. Suppose that f : X → Y is prepared and τ = τf (X) ≥ 0. Then
there exists a commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
such that f1 is prepared, Φ, Ψ are products of blowups of 2-curves, τf1(X1) ≤ τ , and
GY1(f1, τ) contains no 3-points and no 2-curves, so that f1 is τ-prepared.
Proof. This is immediate from Lemma 4.1 [C7] and Lemma 5.4. 
Theorem 9.13. Suppose that f : X → Y is prepared, and τ = τf (X) ≥ 0. Then
there exists a commutative diagram
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f1
→ Y
such that Φ1 and Ψ1 are products of blow ups of possible centers and f1 is τ-very-well
prepared with a relation R1.
Proof. By Theorem 9.12, there exists a commutative diagram
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
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such that Φ and Ψ are products of 2-curves, and f1 is τ -prepared. Now by Theorems
9.4, 9.8, 9.10 and 9.11, there exists a commutative diagram
X2
f2
→ Y2
↓ ↓
X1
f1
→ Y1
where the vertical arrows are products of blow ups of possible centers such that f2 is
τ -very-well prepared.

10. Toroidalization
Suppose that f : X → Y is a proper, birational morphism of nonsingular 3-folds
with toroidal structures DY and DX = f
−1(DY ), such that DX contains the singular
locus of f .
Theorem 10.1. Suppose that τ ≥ 0 and f : X → Y is τ-very-well prepared with
relation R. Then there exists a τ-very-well prepared diagram
X1
f1
→ Y1
↓ ↓
X
f
→ Y
such that the transform R1 of R is resolved (T (R′) = ∅). In particular, f1 is prepared
and τf1(X1) < τ .
Proof. Fix a pre-relation Rt associated to R on Y , with associated primitive relation
Rt. By induction on the number of pre-relations associated to R, it suffices to resolve
Rt by a τ -very-well prepared diagram (of R).
Recall (Definition 7.7)
Vt(Y ) =
{
E · S such that E is a component of DY ,
S = S
Rt
(q) for some q ∈ U(Rt)
}
.
Ft =
∑
γ∈Vt(Y )
γ is a SNC divisor on Ω(Rt) whose intersection graph is a forest.
If γ1 = E1 · SRt(q1) ∈ Vt(Y ) and q ∈ γ1, we will say that γ1 is good at q if
whenever q ∈ U(Ri) for some i, then SRi(q) contains the germ of γ1 at q (so that
γ1 = E1 · SRi(q) ⊂ Ω(Ri)). Otherwise, say that γ1 is bad at q. Say that γ1 is good if
γ1 is good at q for all q ∈ γ1.
Let Y0 = Y , X0 = X , f0 = f . We will show that there exists a sequence of
τ -very-well prepared diagrams of the transform of R,
Xi+1
fi+1
→ Yi+1
Φi+1 ↓ Ψi+1 ↓
Xi
fi
→ Yi
(274)
for 0 ≤ i ≤ m− 1 such that the transform Rmt of Rt on Xm is resolved.
Suppose that γ1 ∈ Vt(Y ) and q ∈ γ1 is a bad point. By Remark 7.8, we have
that q ∈ U(Rt). By (131) of Definition 7.3, we have that q is a 2-point. Suppose
that E1, E2 are the two components of DY containing q, and γ1 = E1 · SRt(q). Let
γ2 = E2 · SRt(q).
We will show that q is a good point of γ2.
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γ1 not good at q implies there exists j 6= t such that q ∈ U(Rj) and the germ of
γ1 at q is not contained in SRj (q). Let
u = u
Rt
(q), v = v
Rt
(q), wt = wRt(q).
After possibly interchanging u and v we have that u = wt = 0 are local equations of
γ1, v = wt = 0 are local equations of γ2 at q. Let wj = wRj (q). In the equation
wj = wt + u
atjvbtjφtj
of (130) of Definition 7.3 we thus have atj = 0.
If q is not a good point for γ2 then there exists k 6= t such that q ∈ U(Rk) and the
germ of γ2 at q is not contained in SRk(q). Let wk = wRk(q). In the equation
wk = wt + u
atkvbtkφtk
of (130) we thus have btk = 0. But we must have
(0, btj) ≤ (atk, 0) or (atk, 0) ≤ (0, btk)
by 4 of Definition 7.3, which is impossible. Thus q is a good point for γ2.
Suppose that all γ ∈ Vt(Y ) are bad. Pick γ1 ∈ Vt(Y ). Since γ1 is bad there exists
γ2 ∈ Vt(Y )−{γ1} such that γ2 is good at q1 = γ1 ∩ γ2 (as shown above). γ1 ∩ γ2 is a
single point since Vt(Y ) is a forest. Since γ2 is bad and Vt(Y ) is a forest, there exists
γ3 ∈ Vt(Y ) which intersects γ2 at a single point q2 and is disjoint from γ1 such that
γ3 is good at q2. Since Vt(Y ) is a finite set, and the intersection graph of Vt(Y ) is a
forest, we must eventually find a curve which is good, a contradiction.
Let γ ∈ Vt(Y ) be a good curve, so that it is prepared for R of type 6, and is a
*-permissible center (Lemma 8.10) and let Ψ′1 : Y
′
1 → Y be the blow up of γ.
By Lemma 8.10 we can construct a τ -very-well prepared diagram of the form of
(134) of Definition 7.10
X1
f1
→ Y1
↓ ↓
↓ Y ′1
↓ ↓ Ψ′1
X → Y.
(275)
where Y1 → Y ′1 is a sequence of blow ups of 2-points which are prepared for the
transform of R of type 2 of Definition 7.5. Observe that if γ1 ∈ Vt(Y ) is a good curve,
with γ1 6= γ, then the strict transform of γ1 is a good curve in Vt(Y1).
We now iterate this process. We order the curves in Vt(Y ), and choose γ =
E · SRt(q) ∈ Vt(Y ) in the construction of the diagram (275) so that it is the minimum
good curve in Vt(Y ).
We inductively define a sequence of τ -very well prepared diagrams (274) by blowing
up the good curve in Vt(Yi) with smallest order, and then constructing a very well
prepared diagram (274) of the form of (275). Then we define the total ordering on
Vt(Yi+1) so that the ordering of strict transforms of elements of Vt(Yi) is preserved,
and these strict transforms have smaller order than the element of Vt(Yi+1) which is
not a strict transform of an element of Vt(Yi). We repeat, as long as R
i
t is not resolved
(T (Rit) 6= ∅).
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Suppose that the algorithm does not converge in the construction of fm : Xm → Ym
such that the transform Rmt of Rt is resolved. Then there exists a diagram
...
...
↓ ↓
Xn
fn
→ Yn
Φn ↓ ↓ Ψn
Xn−1
fn−1
→ Yn−1
↓ ↓
...
...
↓ ↓
X0 = X
f0=f
→ Y0 = Y
(276)
constructed by infinitely many iterations of the algorithm such that T (Rnt ) 6= ∅ for
all n.
Suppose that qn ∈ U(R
n
t ) is an infinite sequence of points such that Ψn(qn) = qn−1
for all n and Ψn is not an isomorphism for infinitely many n. qn is either a 2-point
or a 1-point for all n.
First suppose that qn is a 2-point for all n.
By construction, the restriction of Ψn to SRnt
(qn) is an isomorphism onto SRn−1t
(qn−1)
for all n. Thus the restriction
Ψn = Ψ1 ◦ · · · ◦Ψn : SRnt
(qn)→ SRt(q)
is an isomorphism, where q = q0 = Ψ1 ◦ · · · ◦ Ψn(qn). Without loss of generality,
we may assume that no Ψn is an isomorphism (on Yn) at qn. We have permissible
parameters ui = uRit
(qi), vi = vRit
(qi), wt,i = wRit
(qi) at qi for all i such that either
ui = ui+1, vi = vi+1, wt,i = ui+1wt,i+1 (277)
or
ui = ui+1, vi = vi+1, wt,i = vi+1wt,i+1. (278)
Suppose there exists k 6= t such that qn ∈ U(R
n
k ) for all n.
Let wk,i = wRik
(qi) for i ≥ 0.
The relations
wk,i − wt,i = u
atk
i v
btk
i φt,k
of (130) of Definition 7.3 transform to
wk,i+1 − wt,i+1 = u
atk−1
i+1 v
btk
i+1φt,k
under (277), and transform to
wk,i+1 − wt,i+1 = u
atk
i+1v
btk−1
i+1 φt,k
under (278). But we see that after a finite number of iterations qn 6∈ U(R
n
k ), unless
atk = btk = −∞. Thus there exists n0, such that whenever n ≥ n0, qn 6∈ U(R
n
k ) if
k 6= t and akt, bkt 6= −∞ .
Now suppose that qn is a 1-point for all n. We have permissible parameters
ui = uRit
(qi), vi = vRit
(qi), wt,i = wRit
(qi)
at qi for all i such that
ui = ui+1, vi = vi+1, wt,i = ui+1wt,i+1
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for all i.
Suppose that there exists k 6= t such that qn ∈ U(R
n
k ) for all n. Let
wk,i = wRik
(qi)
for i ≥ 0. The relation
wk,i − wt,i = u
ct,k
i φt,k
of (131) of Definition 7.3 transforms to
wk,i+1 − wt,i+1 = u
ct,k−1
i+1 φt,k.
Thus after a finite number of iterations, qn 6∈ U(R
n
k ) unless ct,k = −∞. Thus there
exists n0 such that when n ≥ n0, qn 6∈ U(R
n
k ) if k 6= t and ct,k 6= −∞.
By our ordering, we have that there exists an n0 such that if n ≥ n0, γ ∈ Vt(Yn) is
good and if k is such that γ ∩U(R
n
k ) 6= ∅ then akt, bkt = −∞ (or crk = −∞), so that
the Zariski closures of Ω(R
n
k ) and Ω(R
n
t ) are the same. Thus all elements of Vt(Yn)
are good for n ≥ n0, since otherwise, there would be a bad curve γ1 ∈ V (Yn) which
intersects a good curve γ2 at a point q
′ at which γ1 is not good. But then we must
have that there exists k 6= t such that the Zariski closure of Ω(R
n
k ) is not equal to the
Zariski closure of Ω(R
n
t ), and q
′ ∈ U(R
n
k ), so that γ2 ∩ U(R
n
k ) 6= ∅, a contradiction.
Our birational morphism of Ω(R
n
t ) to Ω(Rt) is an isomorphism in a neighborhood
of U(R
n
t ). Thus we have a natural identification of Vt(Yn) and Vt(Y ), and we see that
for n ≥ n0, the Ψn cyclically blow up the different curves of Vt(Y ).
Since Rnt is (by assumption) not resolved for all n, there are points pn ∈ T (R
n
t ) ⊂
Xn such that Φn(pn) = pn−1, and fn(pn) = qn ∈ U(R
n
t ) for all n. Without loss of
generality, we may assume that no Ψn is an isomorphism at qn.
We have that all qn are 1-points or all qn are 2-points.
First suppose that all qn are 2-points.
With the above notation at qn = fn(pn), we have that (277) and (278) must
alternate in the diagram (276) for n ≥ n0, by our ordering of Vt(Yn). Let p = p0 ∈
X = X0, q = q0 = f(p).
We have
u = un, v = vn, wt = u
an
n v
bn
n wt,n (279)
where
u = u
Rt
(q), v = v
Rt
(q), wt = wRt(q)
and an, bn are positive integers which both go to infinity as n goes to infinity.
There exists (by Theorem 4 of Section 4, Chapter VI [ZS]) a valuation ν of k(X)
which dominates the (non-Noetherian) local ring ∪n≥0OXn,pn , and thus dominates
the local rings OXn,pn for all n. Without loss of generality, we may identify ν with
an extension of ν to the quotient field of OˆXn,pn which dominates OˆXn,pn for all n.
Let x, y, z be permissible parameters for u, v, wt at p. Suppose that p is a 3-point.
Write (in OˆX,p)
u = xaybzc
v = xdyezf
wt = x
gyhziγ
(280)
where xyz = 0 is a local equation of DX at p and γ is a unit series.
We may permute x, y, z so that 0 < ν(x) ≤ ν(y) ≤ ν(z). We have (from (279))
ν(wt)− nν(u)− nν(v) > 0
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for all n ∈ N. Thus
0 < (g−na−nd)ν(x)+(h−ne−nb)ν(y)+(i−nf−nc)ν(z) ≤ ((g+h+i)−nf−nc)ν(z)
for all n. Thus f = c = 0, but this is impossible, since uv = 0 is a local equation of
DX at p.
There is a similar but simpler algorithm if p is a 1-point or a 2-point and τ > 0,
since wt = 0 is supported on DX at p.
Suppose that τ = 0 (and all qn are 2-points). We have that wt = 0 is a divisor
supported on DX at p, so that the argument for τ > 0 works in this case also, or we
have one of the following two special forms:
p a 1-point
u = xa, v = xb(α+ y), wt = x
cz (281)
or p a 2-point
u = xayb, v = xcyd, wt = x
eyfz (282)
with ad− bc 6= 0.
In the diagram (275) we have that q1 ∈ U(R
1
i ) implies Y1 → Y
′
1 is an isomorphism
near q1. X1 → X factors in a neighborhood of q1 as a diagram
X1 =Wm
Λm→ Wm−1 → · · · →W1
Λ1→ X
where Λ1 : W1 → X is a sequence of blow ups of 2-curves and 3-points, and each
Λj+1 is the blow up of a possible curve Σj containing a 1-point and the center pj of
ν on Wj , such that IγOW is not invertible.
Without loss of generality, we may assume that u = wt = 0 are local equations of
γ at q.
We have a form (281) or (282) at the center p1 of ν on W1, where (a, b) ≤ (e, f) or
(a, b) > (e, f) if (282) holds.
Suppose that a ≤ c in (281), or (a, b) ≤ (e, f) in (282). Then IγOW1,p1 is invertible.
Thus Wm = W1, and in a neighborhood of q1, X1 → X is a sequence of blow ups of
2-curves. Further, we have an expression of the form (281) or (282) at p1.
Suppose that a > c in (281). Then Λ2 is the blow up of a curve with local equations
x = z = 0 at p1. Since ν(z) > nν(x) for all n ∈ N, at p2 we have regular parameters
x2, y2, z2 defined by
x = x2, y = y2, z = x2z2
and we thus have
u = xa2 , v = x
b
2(α+ y2), wt = x
c+1
2 z2.
Iterating, we see that pm has permissible parameters xm, ym, zm such that
u = xam, v = x
b
m(α+ ym), wt = x
a
mzm.
The permissible parameters u1, v1, wt,1 at q1 are defined by
u = u1, v = v1, wt = u1wt1.
Thus
u1 = x
a
m, v1 = x
b
m(α+ ym), wt1 = zm
and we have τf1(p1) = −∞, a contradiction.
We have a similar analysis if (a, b) > (e, f) in (282), leading to the conclusions that
τf1(p1) = −∞, a contradiction.
We thus see that for all n in (276), Xn → Xn−1 factors as a sequence of blow ups
of 2-curves at qn.
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Suppose that there exists n0 such that pn0 is a 1-point, and thus pn is a 1-point
for all n ≥ n0. Then we see that Xn+1 → Xn is an isomorphism at pn for all n ≥ n0.
At pn0 there are regular parameters x, y, z such that
un0 = x
a, vn0 = x
b(α+ y), wtn0 = x
cz, (283)
and qn has regular parameters
un0 = un, vn0 = vn, wtn0 = u
n−n0
n wtn.
Substituting into (283), we have a contradiction as soon as
n >
c
a
+ n0.
Now suppose that pn is a 2-point for all n. Then a form (282) holds at p1, and at
pn, we have regular parameters xn, yn, zn defined by
x = x
rn11
n y
rn12
n , y = x
rn21
n y
rn22
n , z = zn (284)
such that rn11r
n
22 − r
n
12r
n
21 = ±1.
Now from (279), (282) and (284), we see that
ν(xeyf )− nν(xayb)− nν(xcyd) > 0
for all n ∈ N, a contradiction, since ad− bc 6= 0.
The argument is simpler in the case when qn is a 1-point for all n. (279) becomes
u = un, v = vn, wt = u
an
n wt,n (285)
where an goes to infinity as n goes to infinity.
Suppose that τ > 0. If p ∈ f−1(q), u = 0 is a local equation of DX at p, and
wt = 0 is supported on DX at p. Thus (285) leads to a contradiction.
If τ = 0, there is a similar argument to the above case of qn a 2-point for all n and
τ = 0.
Thus the algorithm converges in a morphism fm : Xm → Ym such that T (Rmt ) = ∅,
and after iterating for each primitive relation associated to R, we obtain the construc-
tion of f1 : X1 → Y1, as in the conclusions of the theorem, such that f1 is prepared
and τf1(X1) < τ .

Proof of Theorem 1.2 First suppose that X and Y are proper over k. By resolution
of singularities and resolution of indeterminacy [H] (cf. Section 6.8 [C6]), and by [M],
there exists a commutative diagram
X1
f1
→ Y1
Φ1 ↓ ↓ Ψ1
X
f
→ Y
where Φ1, Ψ1 are products of possible blow ups of points and nonsingular curves
supported above DX and DY , such that X1 and Y1 are nonsingular and projective.
Further, DY1 = Ψ
−1
1 (DY ) and DX1 = Φ
−1
1 (DX) = f
−1
1 (DY1) are SNC divisors, and
DX1 contains the locus where f1 is not smooth. By Theorem 3.9, we can construct a
commutative diagram
X2
f2
→ Y2
Φ2 ↓ ↓ Ψ2
X1
f1
→ Y1
such that Φ2 and Ψ2 are products of possible blow ups of points and nonsingular
curves, such that f2 is prepared for DY2 = Ψ
−1
2 (DY1) and DX2 = Φ
−1
2 (DX1).
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Now by descending induction on τ = τf2(X2) and Theorems 9.13 and 10.1, there
exists a commutative diagram
X3
f3
→ Y3
Φ3 ↓ ↓ Ψ3
X2
f2
→ Y2
such that Φ2 and Ψ3 are products of blow ups of possible centers, f3 is prepared, and
τf3(X3) = −∞.
Thus f3 is toroidal, and the conclusions of the theorem follow.
Now suppose that X and Y are (not necessarily proper) abstract varieties. There
exist (by [N]) proper k-varieties X and Y such that X is an open subset of X, and
Y is an open subset of Y . After possibly modifying X and Y by blowing up X −X
and Y − Y , we may assume that F1 = X −X and F2 = Y − Y are closed subsets of
pure codimension 1 in X , Y respectively.
Let DX be the Zariski closure of DX in X, DY be the Zariski closure of DY in Y .
Let D
X
= DX + F1, DY = DY + F2. By resolution of indeterminancy, after
possibly modifying X by blowing up subvarieties of X supported above D
X
, we have
that the rational map f : X → Y which extends f : X → Y is a morphism.
The hypotheses of Theorem 1.2 are satisfied for f : X → Y , so by the first part of
this proof, there exists a commutative diagram
X1
f1→ Y 1
Φ ↓ ↓ Ψ
X
f
→ Y
satisfying the conclusions of Theorem 1.2.
Let X1 = Φ
−1(X), Y1 = Ψ
−1(Y ), f1 = f1 | X1, Φ = Φ | D1, Ψ = Ψ | Y1. Then
X1
f1
→ Y1
Φ ↓ ↓ Ψ
X
f
→ Y
satisfying the conclusions of Theorem 1.2.
11. List of technical terms
(See also Section 2, Notation)
admissible center: Definition 6.2
fundamental locus: Remark 3.5
GX(f, τ): Definition 4.4
GY (f, τ): Definition 4.4
good at p for f : Definition 5.6
monomial form: Definition 3.4
perfect for f : Definition 5.13.
permissible center: Definition 7.9
*-permissible center: Definition 7.10
permissible parameters: before and after Definition 3.1
possible center: Section 2, Notation
prepared point or curve of type 1-5: Definition 7.5
prepared curve of type 6: Definition 7.6
prepared morphism
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prepared morphism of 3-folds: Definition 3.6
τ -prepared morphism: Definition 4.4
pre-τ -quasi-well prepared: Definition 7.1
τ -quasi-well prepared: Definition 7.1
τ -well prepared: Definition 7.3
τ -very-well prepared: Definition 7.7
relation
quasi-pre-relation: Definition 6.1
pre-relation: Definition 6.3
algebraic pre-relation: Definition 6.4
primitive relation: Definition 6.5
relation: Definition 6.5
algebraic relation: Definition 6.5
resolved quasi-pre-relation: after Definition 6.1
resolved relation: after Definition 6.5
resolving curve: Definition 7.4
super parameters: Definition 5.1
τf (p): Definition 4.1
τf (X): after Definition 4.1
τ -quasi-well prepared diagram: after Definitions 7.9 and 7.11
Θ(f, Y ): Definition 5.15
toroidal forms for u, v, w: after Definition 3.3
toroidal forms for u, v: Definition 3.1
torodial morphism: Definition 3.3
transform of a pre-relation: after Definition 6.2
transform of a relation: after Definition 6.6
weakly good at p for f : Definition 5.7
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